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SYMBOLS 

Most symbols are def ined  and used ad hoc i n  t h e  t e x t .  S c r i p t  c a p i t a l s  
are l i n e a r  vec to r  spaces ,  c a p i t a l s  are mat r ices ,  except where o therwise  
ind ica t ed ,  and v e c t o r s  are ind ica t ed  by t h e  s u p e r s c r i p t  0 o r  def ined  as 
such. Other symbols appearing r o u t i n e l y  are l i s t e d  below. 
( )-I,( )# , (  ) T  inve r se ,  pseudo inve r se ,  and t ranspose  of ( ) 









i n t e r s e c t i o n  of two sets 
d i r e c t  sum of  two l i n e a r  vec to r  spaces  
l i n e a r  v e c t o r  space spanned by con ten t s  of  { 1 
Where a mat r ix  appears ,  t h e  column space of  t h e  mat r ix  i s  
ind ica t ed .  
vec to r  ( cos t a t e )  de f in ing  a parameter as a l i n e a r  
combination of  t h e  s t a t e  v a r i a b l e s  
parameter ( cos t a t e )  space 
observable  and unobserva6le subspaces of  X 
matr ix  whose columns a r e  t h e  c o s t a t e s  of a se t  of  
measurements 
matrices whose columns are  bases  of  xm,X, 
mean square va lue  
d a t a  type,  given as a scalar func t ion  of t h e  s t a t e  
p o s t e r i o r ,  p r i o r ,  and i n i t i a l  covariances  of t h e  s t a t e  
e s t ima t ion  e r r o r  
MS measurement no i se  f o r  a measurement 
diagonal  mat r ix  of MS measurement no i se  f o r  a s e t  of 
measurements 
measurement sequence ( t h e  c o s t a t e s  and n o i s e  mat r ix  of a 
se t  of  measurements) 
time 




r e fe rence  s o l u t i o n  o f  t h e  s t a t e  equat ion  
s ta te  d e v i a t i o n  v e c t o r ,  X(t)  - XA(t) 
s ta te  space 
observable  and unobservable  subspaces o f  X 
matrices whose columns are bases  of Xm,Xu 
t ransformed s ta te  d e v i a t i o n  v e c t o r  
p o s t e r i o r ,  p r i o r ,  and i n i t i a l  covar iances  of w 
d a t a  vec to r  f o r  a s e t  of  measurements 
t r a n s i t i o n  mat r ix  of t h e  l i n e a r  s t a t e  equat ion 
v i  
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Some aspects of the structure of the linear estimation problem are 

investigated in this report. In the first section, the processing of arbi­

trary sets of measurements is considered. The notion of equivalent sets of 

measurements is defined and applied to obtain a unified view of such opera­





In the second section, the measurements to be processsed are assumed to 

be samplings, obtained at some arbitrary sequence of times, of one or more 

given data types or time-varying functions of the unknowns. The properties of 

the data types are then common to any sampling. One such property, observ­

ability, is well known. The system is observable to the data types, provided

all unknowns can be determined from some sampling of the data types. Other­

wise, only some lesser number of linear combinations of the unknowns can be 

determined and the estimation problem can be reduced to one of estimating this 

smaller set of unknowns. 

Finally, the physical nature of measurements and estimation is considered 

in combination with observability analysis to obtain a theory for the calibra­

tion accuracy limits inherent in estimation problems. All measurements are 

comparisons of like physical phenomena and the basis of comparison is made 

unique by international definition of physical units. The estimation process 

combines measurements in order to compare some physical system, as defined by 

a set of unknown state variables, with these physical units. Measurements 

separate into comparisons with physical units (calibrations) and comparisons 

among unknowns (hence, are nonlinear in the unknowns). If all calibrations are 

carried out in an initial set of measurements, as is usually the case, then 

the processing of subsequent measurements becomes a comparison of the system

with a set of intermediate physical standards. These standards appear as 

unobservable parameters in the problem and the accuracy to which they are 

estimated from the initial set of measurements is a lower bound, or calibra­

tion accuracy limit, on the accuracy to which the system can be estimated 

without performing new calibrations. Intermediate standards for quantities

having composite units, such as velocities, can also be defined from the 

elementary standards, and these are applied to examine the estimation of the 





Linear e s t ima t ion  i s  t h e  problem of  computing t h e  b e s t  estimate of a set 
of unknowns from noisy  measurements of l i n e a r  func t ions  of  t h e  unknowns. This  
s u b j e c t  has  rece ived  wide a t t e n t i o n  i n  t h e  engineer ing l i t e r a t u r e  i n  r e c e n t  
years  and has a p p l i c a t i o n s  i n  many f i e l d s .  A p a r t i c u l a r l y  complex example i s  
t h e  e s t ima t ion  of  space v e h i c l e  o r b i t s  where accuracy requirements  have l e d  
t o  t h e  development of  r a d a r  s t a t i o n  networks capable  of genera t ing  v a s t  
amounts of d a t a  and of s o p h i s t i c a t e d  d a t a  process ing  programs which estimate 
many unknowns. I n  t h e s e  and o t h e r  la rge-order  e s t ima t ion  problems, phys ica l  
i n s i g h t  i s  d i f f i c u l t  t o  achieve and t h e r e  i s  l i t t l e  theory  o f  a genera l  o r  
r o u t i n e  na tu re  f o r  analyzing t h e  r e l a t i o n s  among t h e  b a s i c  f a c t o r s  i n  t h e  
problem and t h e  e s t ima t ion  performance, o r  f o r  ana lyz ing  t h e  causes  of such 
common d i f f i c u l t i e s  as i l l - c o n d i t i o n i n g  of  t h e  information provided by t h e  
measurements. Such d i f f i c u l t i e s  are o f t e n  c h a r a c t e r i s t i c  of t h e  measurements 
themselves,  bu t  with t h e  except ion of o b s e r v a b i l i t y  ( r e f .  l ) ,  few measurement 
c h a r a c t e r i s t i c s  of  a genera l  na tu re  have been i d e n t i f i e d  and o b s e r v a b i l i t y  has 
i t s e l f  rece ived  l i m i t e d  a t t e n t i o n  i n  p r a c t i c e .  
This  r e p o r t  i s  concerned with t h e  a n a l y s i s  of measurements and t h e  
r e l a t i o n  of  measurement c h a r a c t e r i s t i c s  t o  t h e  r e s u l t i n g  es t imat ion  pe r fo r ­
mance. Past work on such r e l a t i o n s  has been l a r g e l y  empir ica l  o r  r e s t r i c t e d  
t o  p a r t i c u l a r  problems. For example, i n  o r b i t  e s t ima t ion  problems one can 
s imula te  the  e s t ima t ion  problem and then  c a l c u l a t e  t h e  e f f e c t  o f  va r ious  types 
of measurements, measurement schedules ,  o r b i t  geometry, e t c . ,  on performance 
( e . g . ,  r e f s .  2,  3 ) .  I n  seve ra l  problems, a n a l y s i s  of t h e  equat ions r e l a t i n g  
the  d a t a  t o  p rope r ly  s e l e c t e d  o r b i t  parameters  has  c l a r i f i e d  some aspec t s  of 
performance and computational procedure f o r  t h e s e  cases ( r e f s .  4,  5 ,  6 ) .  
The a n a l y s i s  i s  c a r r i e d  o u t  i n  t h e  contex t  of  t h e  l i n e a r  es t imat ion  
problem, inc luding  assumptions of  unforced dynamics and uncorre la ted  gauss ian  
measurement no i se .  The f i rs t  s e c t i o n  d e a l s  wi th  a r b i t r a r y  sequences of  
measurements. I t  i s  found t h a t  a group of "equivalent  sequences" can be 
der ived  from t h e  o r i g i n a l  se t  of  measurements, each of which g ives  the  same 
s t a t e  estimate and performance. Equivalent  sequences permit  a number of  
opera t ions  on t h e  d a t a  and t h e  processing equat ions;  t he  measurements can be 
compressed t o  an equiva len t  sequence of minimum s i z e ,  c e r t a i n  equiva len t  
sequences g ive  t h e  performance, and o t h e r s  permit  s e l e c t i v e  processing of 
information t h a t  can be used t o  sepa ra t e  t h e  e s t ima t ion  c a l c u l a t i o n s  i n t o  
independent lower o rde r  p a r t s  by s e l e c t i v e l y  d e l e t i n g  some information.  
The next  s e c t i o n  d e a l s  with c h a r a c t e r i s t i c s  of t h e  d a t a  type .  
Measurement sequences are not  always a r b i t r a r y  sets of measurements bu t  are 
o f t e n  obtained by sampling one o r  more d a t a  types  a t  some a r b i t r a r y  sequence 
of times. The d a t a  type,  given as a func t ion  of t h e  s ta te ,  i s  then a con­
s t r a i n t  on t h e  measurements, and i t s  c h a r a c t e r i s t i c s  in f luence  e s t ima t ion  
performance independent of  t h e  p a r t i c u l a r  sample taken and processed.  One 
such c h a r a c t e r i s t i c  i s  o b s e r v a b i l i t y ;  t h a t  i s ,  t h e  a b i l i t y  t o  determine the  
s t a t e  from some (non-noisy) sampling of t h e  d a t a  type  ( r e f s .  1, 7 ,  8 ) .  If t h e  
s ta te  i s  inde termina te  from t h e  d a t a  type ,  then  unobservable s t a t e s  can be 




data type. In that case, the order of the data processing equations can be 

reduced by the number of independent unobservable states, and a lower bound on 

the estimation accuracy obtainable from the data type is given by the initial 

estimation errors associated with the unobservable states. 

In the third section, a theory of  calibration accuracy in estimation 
problems is obtained as an application of observability analysis. Estimation 
is an exercise in comparing a physical system to internationally defined unit 
quantities (meter, kilogram, etc.). In most problems direct comparisons with 
these unit quantities are carried out in an initial set of measurements and 
the data types are comparisons among functions of the unknowns. The estima­
tion procedure can then be shown to be one of comparing the physical system 
to intermediate standards of length, mass, etc. These standards are 
unobservable parameters in the problem and their initial estimation accuracies 
provide lower bounds on the accuracy achievable by processing any sampling of 
the data types. An intermediate standard for velocities derived from the 
basic standards is applied to examine estimation of the speed of light as 
part of the orbit estimation problem. 
BASIC FORMULAS FOR THE LINEAR ESTIMATION PROBLEM 

The well-known state estimation procedure reviewed below is based on the 
assumptions that (1) the state is governed by unforced dynamics which are 
either linear or can be described by equations linearized about a reference 
state, and (2) finite sequences of measurements are made, subject to uncorre­
lated gaussian-distributed noise with zero mean, and processed to obtain the 
minimum variance estimate of the state. 
The state (an n x 1 vector) of a linear system satisfies an equation of 
the form 
x(t) = F(t)x(t) (1) 
Here, F(t) is a known continuous n x n matrix. These are unforced dynamics 
so that the time-history of the state is uniquely defined by the initial 
conditions x(to), as is expressed in the usual solution of (1) 
x(t) = @(t,to)x(to> (2)  
where @(t,to) is the transition matrix of the system. 

A scalar output of the system is available for sampling during some time 










The vec to r  func t ion  { h ( t ) ,  to t < t F } ,  termed t h e  measurement costate 
h e r e a f t e r ,  i s  known and continuous,  and it d e f i n e s  t h e  output  as a l i n e a r  
combination of  t h e  components of  t h e  i n i t i a l  s t a t e .  The s ta te  dynamics are 
absorbed i n  t h e  d e f i n i t i o n  of h ( t ) .  If more than  one scalar output  i s  
a v a i l a b l e ,  then  a d d i t i o n a l  r e l a t i o n s  o f  t h e  form (3) are given.  
The d a t a  t o  be processed i n  order  t o  estimate t h e  s t a t e  a r e  a (noisy)  
sampling of  t h e  output  a t  some f i n i t e  sequence of  times, t l ,  . . ., tN,i n  
[to,t F ] ’  These d a t a  are r e l a t e d  t o  t h e  s t a t e  by 
y i  = h T ( t i ) x ( t o )  + ~i i = 1 , .  . . , N  (4) 
where {yi) are  t h e  a c t u a l  d a t a  and ci i s  t h e  measurement noise ,  assumed t o  
be a gauss ian  d i s t r i b u t e d  random v a r i a b l e  with zero mean and known nonzero 
MS va lue ,  q ( t i ) .  The sample t imes a r e  assumed s u f f i c i e n t l y  separa ted  f o r  
t h e  noise  t o  be uncorre la ted  among t h e  measurements. The no ta t ion  f o r  t h e  
c o s t a t e s ,  no i se  va r i ances ,  and d a t a  from any se t  of measurements i s  abbrevi­
a t ed  t o  
H = [ h ( t i )  . . . h ( t n ) ]  Q = 
I t  w i l l  a l s o  be convenient t o  r e f e r  t o  t h e  two matrices, (H, Q ) ,  as a 
measwlement sequence. In  t h e  f irst  s e c t i o n  of t h i s  r e p o r t ,  t h e  c o s t a t e s  of a 
measurement sequence, H, a r e  taken as a r b i t r a r y  r a t h e r  than  cons t ra ined  t o  
samplings of a given output  func t ion  of t h e  form (3) .  The second s e c t i o n  
cons iders  t he  e f f e c t s  of in t roducing  such a c o n s t r a i n t .  
This r e p o r t  d e a l s  with t h e  processing of measurements with the  sequent ia l  
minimum var iance  equat ion  ( r e f .  9 ) .  P r i o r  measurements are assumed t o  have 
been processed and t o  have y ie lded  t h e  e s t ima te ,  2 - ,  and covariance mat r ix  
where 2 i s  the  e s t ima t ion  e r r o r  x - ?. The new es t ima te  and covariance 
obtained from process ing  (H, Q, y) a r e  then  
2 = PoHIQ + HTPoH]-l(y - HT?-) + i ­
(5) 
P = [ P i ’  + HQ-’HT]-’ = Po - PoHIQ + HTPoH]-lHTPo \ 
The source of t h e  p r i o r  estimate and covariance i s  unspec i f ied  here  but  it i s  
assumed t h a t  Po i s  p o s i t i v e  d e f i n i t e .  
4 

In  many problems as, f o r  example, t h e  o r b i t  de te rmina t ion  problem, t h e  
l i n e a r  system, (1) - (4), is  obtained as an approximation of  a nonl inear  one. 
Since cons idera t ion  is  given t o  the  c a l i b r a t i o n  accuracy l i m i t s  i n  such 
l i n e a r i z e d  systems i n  a la te r  s e c t i o n ,  a b r i e f  review o f  t h e  l i n e a r i z a t i o n  
procedure i s  given he re .  
A nonl inear  s t a t e  equat ion and scalar output  are  assumed given i n  t h e  
form 
The output ,  m(X), and t h e  components of Z(X) are  assumed def ined  on t h e  s t a t e  
space and t o  have continuous p a r t i a l  d e r i v a t i v e s .  If more than  one output  i s  
a v a i l a b l e  f o r  sampling, a d d i t i o n a l  func t ions  of  t h e  form (6b) are given.  The 
s t a t e ,  X,  i s  an n x 1 vec to r  l i s t  of independent q u a n t i t i e s  which s u f f i c e  t o  
d e f i n e  t h e  system. Independence of the  s t a t e  v a r i a b l e s  means t h e r e  i s  no 
n o n t r i v i a l  func t ion ,  g ( X ( t ) ) ,  t h a t  i s  zero a t  a l l  t imes.  
To l i n e a r i z e  equat ions (6 ) ,  f i rs t  o b t a i n  a r e fe rence  s o l u t i o n  of (6a) ,  
denoted by 
This  s o l u t i o n  i s  assumed determined as an unbiased estimate of X(to) from 
some set  of i n i t i a l  measurements which a r e  a r b i t r a r y  (not n e c e s s a r i l y  sam­
p l i n g s  o f  (6b)) and s u f f i c i e n t  ( they can be inve r t ed  t o  so lve  f o r  X( to ) ) .  
Define t h e  e r r o r  i n  t h i s  i n i t i a l  e s t ima te  
where X(to) i s  t h e  unknown t r u e  s t a t e  a t  to; then  
E[?( to)]  = 0 
and t h e  i n i t i a l  covariance 
PA = E[%(to)ZT(to)]  
i s  a (known) p o s i t i v e  d e f i n i t e  mat r ix .  
To complete t h e  l i n e a r i z a t i o n ,  d e f i n e  t h e  s ta te  dev ia t ion  
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The s t a t e  d e v i a t i o n  is  assumed s u f f i c i e n t l y  "small" so  t h a t  it sa t i s f i e s  t h e  
l i n e a r i z e d  s t a t e  equat ion  (I), with F ( t )  g iven  by the  g rad ien t  of (6a) with 
r e s p e c t  t o  t h e  s t a t e  v a r i a b l e s  
Here, t he  s u b s c r i p t s ,  i, j ,  denote  the  components o f  t h e  vec to r s  F(X) and X ,  
r e s p e c t i v e l y .  Fu r the r ,  t h e  l i n e a r i z e d  ou tpu t  (eq.  ( 3 ) )  i s  obtained from t h e  
g rad ien t  of equat ion  (6b) by us ing  
Equation ( 3 )  then  g ives  t h e  f i r s t - o r d e r  d i f f e r e n c e  between the  output  f o r  t h e  
t r u e  s t a t e  and t h e  output  f o r  t h e  r e fe rence  s ta te .  
F i n a l l y ,  t h e  e s t ima t ion  procedure i s  c a r r i e d  ou t  by process ing  samplings 
of t he  output  with equat ion (5).  The process ing  i s  begun with t h e  i n i t i a l  
s ta te  estimate and covariance given by equat ions  (7a) and (7b) .  These Sam­
p l i n g s  can be processed i n  equat ion (5) i n  any convenient order  - sequen t i a l ly ,  
i n  groups,  o r  a l l  a t  once. If t h e  process ing  i s  done s e q u e n t i a l l y ,  then  2­
and Po i n  equat ion (5) refer t o  t h e  r e s u l t s  o f  processing measurements p r i o r  
t o  the  c u r r e n t  one. 
EQUIVALENT SEQUENCES AND DATA 
This s e c t i o n  d e a l s  with t h e  a n a l y s i s  of  measurement sequences and 
es t imat ion  performance, t h a t  i s ,  of equat ion (5 ) .  The r e s t r i c t i o n  of measure­
ment sequences t o  samplings of one o r  more d a t a  types i s  not  imposed s o  t h a t  
t h e  d i scuss ion  a p p l i e s  t o  a r b i t r a r y  f i n i t e  sequences. The p r i n c i p a l  t o o l  i n  
t h e  a n a l y s i s  i s  t h e  equiva len t  sequence and d a t a ,  t h a t  i s ,  any se t  of measure­
ments and d a t a  (poss ib ly  f i c t i t i o u s )  which, when processed,  g ive  the  same 
s t a t e  e s t ima te  and covariance as t h e  real  sequence and d a t a .  The equiva len t  
sequence and d a t a  i s  used i n  t h e  a n a l y s i s  t o  compress l a r g e  sequences i n t o  
small equiva len t  sequences, and t o  o b t a i n  equiva len t  sequences with s p e c i a l  
p r o p e r t i e s  such as those  which s t a t e  t h e  e s t ima t ion  performance and those  
which e x t r a c t  information on any s p e c i f i e d  set  o f  parameters .  
The b a s i c  q u a n t i t i e s  used i n  t h i s  s e c t i o n  a r e  def ined  nex t .  A parameter 
i s  any l i n e a r  combination of t h e  s ta te  v a r i a b l e s ,  hTx, and i s  s p e c i f i e d  by a 
vec tor  ( c o s t a t e ) ,  h ,  whose components are  the  cons t an t s  of combination. If 
(H, Q, y) i s  any f i n i t e  measurement sequence and the  corresponding d a t a  vec tor ,  
then  t h e  columns of  H spec i fy  t h e  parameters  measured by t h e  sequence and 
the  column space of H i s  c a l l e d  t h e  observabZe parameter space expressed as 
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The information matrix f o r  a sequence i s  
A f i c t i t i o u s  sequence, (HE, QE),  i s  s a i d  t o  be equivalent t o  t h e  real  sequence, 
(H, Q), i f  they  have i d e n t i c a l  information mat r ices .  That i s ,  i f  
The no i se  mat r ix ,  QE, i s  assumed diagonal  here .  Both sequences g ive  t h e  same 
covariance when processed i n  equat ion (5). 
If (HE, QE) is  equiva len t  t o  t h e  real  sequence (H, Q) and y i s  t h e  real  
d a t a ,  then  t h e  corresponding equivalent data, yE, i s  t h a t  f i c t i t i o u s  d a t a  
v e c t o r  such t h a t  (HE, QE, yE) y i e l d s  t h e  same estimate of t he  s t a t e  i n  
equat ion (5) as does (H, Q, y ) .  
Equivalent  Sequences 
Any real  sequence can be rep laced  by a v a r i e t y  of  equiva len t  sequences, 
a l l  of which have i d e n t i c a l  information.  For example, t h e  measurement no i se  
can always be absorbed i n  the  h v e c t o r s  by de f in ing  
H '  = HQ- 1 / 2  
Then (HI, I )  i s  equiva len t  t o  (H, Q ) .  Such sequences with u n i t  mean square 
no i se  a r e  c a l l e d  primary. I t  i s  apparent  t h a t  any square roo t '  of t h e  
information mat r ix  i s  an equiva len t  primary sequence. 
Sequences equiva len t  t o  (H, Q) can c o n s i s t  of r measurements, where r 
can be g r e a t e r  o r  l e s s  than  t h e  number of measurements i n  (H, Q ) .  There i s  
no upper l i m i t ,  bu t  a lower l i m i t  r* e x i s t s  and i s  
r* = Rank(H) (10) 
An equiva len t  sequence conta in ing  r* measurements i s  c a l l e d  an equivalent 
basis  s i n c e  i t s  c o s t a t e s  a r e  a b a s i s  of t he  column space of H. 
A s e r i e s  of  s ta tements  concerning t h e  a lgeb ra  of equiva len t  sequences 
fo l lows  next .  Some minor proofs  are  omit ted.  The n o t a t i o n  (HA, QA)G (HB, QB) 
means the  two sequences are equ iva len t .  Where primary sequences are involved, 
t h e  no i se  mat r ix  i s  dropped from t h i s  no ta t ion .  
'The square r o o t  of a p o s i t i v e  semide f in i t e  mat r ix ,  M y  refers t o  any 
mat r ix  M 1  such t h a t  M I M T  = M. 
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[l] Equivalent  sequences span t h e  same space.  If HA HB then 
~ { H A I= ~ { H B I .  
[2] Let [ H A ~ H B I  be a p a r t i t i o n e d  primary sequence. If HA HC then  
[ H A ~ H B ]  G [ H c ~ H B ] .  
[3] Suppose [ H A i H ~ ]  [HC;HD].  Then HA HC i f  and only  i f  HB HD. 
These s ta tements  are a l s o  t r u e  f o r  nonprimary sequences.  
[4] Every sequence has  an equiva len t  b a s i s .  
Note t h a t  t h e  information mat r ix  i s  p o s i t i v e  semide f in i t e .  Any square 
r o o t  of  If which has maximal rank i s  an equiva len t  p r i m a r y  basis.  The 
mathematical l i t e r a t u r e  may be consul ted f o r  va r ious  methods of computing 
square r o o t s .  One i n t e r e s t i n g  method i s  descr ibed  i n  r e fe rence  10 and i s  
reviewed i n  appendix A. 
[SI Let HA be any equiva len t  primary b a s i s  of (H, Q). Then HB i s  
a l s o  an equiva len t  primary b a s i s  if and only  i f  t h e r e  ex i s t s  an orthogonal 
r* x r* matr ix ,  B, such t h a t  
To prove [ S I ,  assume, f irst ,  t h a t  HA i s  an  equiva len t  primary b a s i s  of 
Q) and i s  r e l a t e d  t o  HB by HA = HBB where B i s  or thogonal .  Then 
HB a r e  equiva len t  s i n c e  they y i e l d  t h e  same information mat r ix ,  whence 
i s  a l s o  equiva len t  t o  (H, Q). Conversely, assume HA, HB, are  equiva len t  
mary bases of (H, Q). Then both are  bases  of  t h e  same subspace, Xm, and 
a r e  r e l a t e d  by some nonsingular  mat r ix ,  B ,  of s i z e  r*; HA = HBB. Since HA 
and HB a r e  equiva len t ,  it fol lows t h a t  BBT i s  the  u n i t  mat r ix ,  whence B 
i s  or thogonal .  
[6] Let HA, H' be any p a i r  of primary equiva len t  bases o$ some 
sequence (H,,Q),  an$ l e t  H , H '  be any subsequences o f  HA, HA, r e s p e c t i v e l y .  
Then HB A Hp, i f  and only  !f jIHB} = L{Hi} .  
To prove [6] ,  no te  f i r s t ,  t h a t  i f  HB H i  then they  span the'same space,  
(s ta tement  [ l ] ) .  Conversely, suppose ~ ( H B )= L(HA).  Since HA, HA are 
equiva len t  primary bases ,  then  (s ta tement  [SI ) they  are  r e l a t e d  by an 
orthogonal matr ix  , B . 
This equat ion can be p a r t i t i o n e d  as 
8 
o r  
Since HB, HA are  both bases  of t h e  same space tFen B3 i s  zero.  Since B 
was orthogonal then,  B1 i s  orthogonal and HB, HB are equiva len t  
(s ta tement  [ S I ) .  
As seen i n  [5] ,  many equiva len t  b a s i s  sequences are  a v a i l a b l e  and 
seve ra l  with s p e c i a l  p r o p e r t i e s  are d iscussed  i n  la ter  s e c t i o n s .  Basis 
sequences compress t h e  o r i g i n a l  s e t  o f  measurements t o  r* measurements 
which can be used i n  t h e  d a t a  process ing  i n  p l ace  of t h e  real  sequence. 
Equi va1ent D a ta 
Suppose (HE, QE) i s  any sequence equiva len t  t o  t h e  r e a l  sequence (H, Q).
The corresponding equiva len t  d a t a  v e c t o r ,  yE, i s  t h a t  f i c t i t i o u s  d a t a  vec to r  
f o r  which the  s t a t e  e s t ima te ,  2, obtained from processing (HE, QE, y,) i n  
equat ion ( S ) ,  i s  i d e n t i c a l  t o  t h e  e s t ima te  obtained from (H, Q,  y ) .  
The equiva len t  d a t a  a r e  more e a s i l y  der ived  from an  a l t e r n a t e  formula f o r  
t h e  s t a t e  es t imate .  L e t  
HT = [HoiHI, QT = 
t h a t  i s ,  (HT, QT, y,) i s  t h e  t o t a l  s e t  o f  a l l  p r i o r  and c u r r e n t  measurements. 
The minimum var iance  e s t ima te  of t h e  s t a t e  from t h e  t o t a l  se t  of 
measurements i s  ( r e f .  9) 
This  es t imate  i s  i d e n t i c a l  t o  t h a t  given by equat ion (5).  The vec to r  yE i s  
def ined by t h e  cond i t ion  t h a t  t h e  s t a t e  e s t ima te  be unchanged-when (H, Q, y)
i s  replaced by (HE, QE, yE) i n  t h e  above formula.  Since H T Q T 1 q  i s  t h e  
t o t a l  information mat r ix ,  which i s  nonsingular  and which i s  unchanged i f  any 
subsequence i s  rep laced  by an equ iva len t  subsequence (s ta tement  [ 2 ] ) ,  then  
yE sa t i s f i e s  
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o r ,  a f te r  expansion, 
If (HE, QE) i s  an equiva len t  b a s i s ,  then  t h e r e  i s  a unique s o l u t i o n  f o r  yE
s i n c e  every column o f  H can then  be given as a unique l i n e a r  combination of  
t h e  columns o f  HE; t h a t  i s ,  H can be given as 
H = HEM (11) 
T
S u b s t i t u t e  t h i s  i n  t h e  preceding equat ion and premul t ip ly  both s i d e s  by HEPo
t o  ob ta in  
v a l i d  f o r  equiva len t  b a s i s  sequences. The r e s u l t  depends only  on t h e  r e a l  
sequence and d a t a  and i s  independent of  p r i o r  measurements. A l t e rna t ive ly ,  
t h e  numerical pseudo-inverse ( r e f .  11) of HE i s  
# T -1 T
HE = (H HE E  ) HE 
whence the  s o l u t i o n  f o r  yE can be given as 
T Tv a l i d  f o r  equiva len t  b a s i s  sequences. The ope ra t ions  HEHE, HEH t h a t  appear 
i n  t h i s  s o l u t i o n  are o f t e n  phys ica l ly  undefined owing t o  t h e  phys ica l  u n i t s  
commonly assoc ia ted  with components of h v e c t o r s ,  bu t  t h e  r e s u l t  i n  equa­
t i o n  (12b) i s  numerical ly  c o r r e c t  s i n c e  t h e  p h y s i c a l l y  undefined opera t ions  
appear i n  H#H i n  cance l l i ng  p a i r s .  In  f a c t ,  t h e  product  HEH i s  t h eE 
well-defined mat r ix  M of equat ion (11).  
The Uncorrelated Equivalent Basis Sequence 
An uncorreZated equivaZent basis of  t h e  real  sequence (H, Q )  i s  any 
primary equiva len t  b a s i s  HE f o r  which HgPoHE i s  d iagonal .  The c o s t a t e s  of 
such a sequence d e f i n e  a s e t  o f  parameters 
T{hjx ,  j = 1, . . ., r*l 
whose es t imat ion  e r r o r s  are uncorre la ted  both before  and a f t e r  (H, Q) i s  
processed. I t  i s  shown t h a t  every r e a l  sequence has such a b a s i s  and it i s  
usua l ly  unique, given t h e  r e a l  sequence and p r i o r  covariance.  Fur ther ,  t h e  
elements o f  t h e  diagonal  mat r ix  s t a t e  t h e  performance i n  reducing t h e  mean 
square es t imat ion  e r r o r s  from t h e i r  p r i o r  va lues  s p e c i f i e d  by Po. 
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[7] The uncor re l a t ed  equiva len t  b a s i s .  Every sequence has an 
uncorre la ted  equiva len t  b a s i s  given as fo l lows:  Let HE be any equiva len t  
b a s i s  of (H, Q) and l e t  Po be t h e  p r i o r  covariance mat r ix .  Define t h e  
mat r ix  
TA = HEP Ho E  
and l e t  A ,  B be  i t s  eigenvalues  and modal mat r ix .  Then t h e  mat r ix  
HEU = HEB 
i s  an uncor re l a t ed  equiva len t  b a s i s  of (H, Q) and 
To prove [ 7 ] ,  note  t h a t  Po i s  p o s i t i v e  d e f i n i t e  and symmetric, and 
t h a t  HE always e x i s t s  and i s  an n x r* matr ix  of rank r * .  Then A i s  a 
p o s i t i v e  d e f i n i t e  symmetric mat r ix  of s i z e  r*. Let i t s  eigenvalues  and modal 
mat r ix  be A ,  B; t h a t  i s ,  t h e  columns of B a r e  t h e  e igenvec tors  o f  A taken 
i n  t h e  same order  as the  eigenvalues  i n  the  diagonal  mat r ix  A .  The mat r ix  B 
i s  orthogonal due t o  the  symmetry of A and it then  fol lows from statementE51,  
t h a t  HEB ( i . e . ,  HEU) and HE are equiva len t  primary sequences. Therefore ,  
HEB i s  equiva len t  t o  (H, Q ) ,  i s  a b a s i s ,  and makes Po d iagonal .  O f  t h e  
f i n a l  two equat ions  i n  s ta tement  [ 7 ] , t h e  f irst  i s  t r u e  by cons t ruc t ion  of HEU,
and the  second fo l lows  r e a d i l y  from equat ion (5) a f t e r  (H, Q) i s  replaced by 
~ ~i t s  equiva len t  (HEu, I ) ,  and H ~ ~ Pi s  Hformed. 
The r* columns of  HEU are  c o s t a t e s  which d e f i n e  r* parameters  whose 
p r i o r  es t imat ion  e r r o r s  a r e  mutual ly  uncorre la ted  and whose p o s t e r i o r  e r r o r s  
a r e  a l s o  mutual ly  uncor re i a t ed .  This  fol lows s i n c e ,  as a r e s u l t  o f  
s t a t  ement [7] 
m m 
h!P h .  = hfPh- = 0 
I O 7  7 
f o r  h i ,  h .
J 
any two d i s t i n c t  columns of  HEU. Fur ther ,  a f t e r  processing 
(H, Q) t h e  MS es t ima t ion  e r r o r s  of  t h e  parameters def ined  by HEU a r e  
reduced by the  r e s p e c t i v e  f a c t o r s  { (1 + Ai)-', i = 1, . . ., r*}. 
The uncorre la ted  b a s i s  i s  a unique c h a r a c t e r i s t i c  of a sequence (H, Q ) ,  
and t h e  p r i o r  covariance,  Po. 
[8] Uniqueness of e igenvalues .  Given (H, Q) and Po,  t h e  e igenvalues  of 
t h e  mat r ix  
TA(HE) E HEPoHE 
are i n v a r i a n t  for a l l  primary equiva len t  bases ,  HE,  o f  (H, Q ) .  
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Noting s ta tement  [SI, a l l  such ma t r i ces ,  A(HE), are r e l a t e d  by 
orthogonal t ransformat ions  and, t h e r e f o r e ,  have i d e n t i c a l  e igenvalues .  
[9] Uniqueness of t h e  uncorre la ted  equ iva len t  b a s i s .  Given (H, Q) and 
Po, t h e  uncorre la ted  equiva len t  b a s i s  HEU de f ined  by [7] has as many unique 
columns, except  f o r  order ing  and s ign ,  as A has  d i s t i n c t  e igenvalues .  
D i s t i n c t  e igenvalues  are those  which appear i n  A only once. The 
occurrence of  m u l t i p l e  e igenvalues  i s  a c c i d e n t a l  s o  t h a t  normally HEU i s  
unique except f o r  order ing  and s i g n .  To prove [9] ,  l e t  HE^, HE^ be d i s t i n c t  
equiva len t  bases  of (H, Q ) .  These are r e l a t e d  by some orthogonal mat r ix  C 
(statement [ S I )  s o  t h a t  
A(HE1) = cTA(HE2>c 
If B 1  and B2 are t h e  modal mat r ices  of A(HEr) and A ( H E ~ ) ,r e s p e c t i v e l y ,  
then 
Therefore ,  both B 2  and C B 1  a r e  modal ma t r i ces  of A ( H E ~ ) .  I f  t he  eigen­
va lues  A a r e  d i s t i n c t ,  t h e  modal mat r ix  of i s  unique except f o r  the  
s igns  o f  i t s  columns. If s igns  a r e  ignored,  
then 
t h a t  i s ,  t h e  uncorre la ted  bases obtained from HE1, HE2 a r e  i d e n t i c a l .  If A 
has an eigenvalue of m u l t i p l i c i t y  s ,  t h e  corresponding s e igenvec tors  can 
be any orthogonal b a s i s  of t he  same s-dimensional e igenspace.  In  t h a t  case,  
s columns of H E U ~  and H E U ~  need not  be i d e n t i c a l ,  a l though they a r e  
equiva len t ,  while  t h e  remaining columns a r e  i d e n t i c a l .  
In  t h e  next  s e c t i o n ,  t h e  uncorre la ted  equiva len t  b a s i s  g ives  t h e  
performance wi th  which (H, Q) reduces e s t ima t ion  e r r o r s .  
Obse rvab i l i t y  and Est imat ion Performance 
Performance, i n  t h i s  s ec t ion ,  r e f e r s  t o  t h e  r educ t ion  o f  P.IS es t imat ion  
e r r o r s  obtained from processing a sequence. The a n a l y s i s  i s  based on the  
decomposition of  t h e  s t a t e  and c o s t a t e  (dual of X )  spaces  i n t o  subspaces 
termed observable  and unobservable t o  the  sequence. Est imat ion e r r o r s  and t h e  
covariance mat r ix  a r e  s i m i l a r l y  decomposed, and t h e  effect  of processing t h e  
1 2  
sequence i s  t o  reduce only  t h e  observable  e r r o r s ,  t h e  amount of r educ t ion  
being s t a t e d  by t h e  uncor re l a t ed  b a s i s  sequence and i t s  eigenvalues .  
Decomposition of X and X - The n-dimensional c o s t a t e  space X and 
s t a t e  space X are p a r t i t i o n e d  i n t o  t h e  fol lowing subspaces whose d e f i n i t i o n s  
are based on the  c o s t a t e s ,  h, of t h e  measurements t o  be processed and on t h e  
(nonsingular)  p r i o r  covariance,  Po : 
The subspace Xm i s  t h e  r*-dimensional column space of  H - t h e  space 
spanned by the  measurement c o s t a t e s  - and i s  termed t h e  observable  parameter 
space.  The subspace xu i s  an (n - r*)-dimensional subspace of X ,  termed 
t h e  unobservable s ta tes .  These two subspaces a r e  p r o p e r t i e s  of only t h e  
measurement c o s t a t e s  and a r e  well  known i n  d i scuss ions  of o b s e r v a b i l i t y  ( e . g . ,  
r e f .  7 ) .  
The remaining two subspaces Xu and Xm are  termed t h e  unobservable 
parameters and observable  s ta tes ,  r e s p e c t i v e l y ,  and a r e  def ined  from t h e  p r i o r  
covariance as well  as the  c o s t a t e s  of t he  measurement sequence. 
The subspaces def ined  i n  equat ions( l3)  provide a complete decomposition 
of JC and X s i n c e  they s a t i s f y  
I n  t h a t  case  any c o s t a t e  h o r  s t a t e  x can be uniquely decomposed i n t o  a 
sum 
h = hm + hu 
whose p a r t s  a r e ,  r e s p e c t i v e l y ,  i n  3$n, %-or X, X u .  Fu r the r ,  i f  H, % are 
two mat r ices  whose columns a r e  bases  of JCm, q, r e s p e c t i v e l y ,  then  r e l a t e d  
bases  of  X, Xu a r e  g iven  by t h e  columns of t h e  matrices 
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The decomposition of X and X def ined i n  equat ions  (13) i s  "orthogonal" i n  
t h e  sense  t h a t  t h e  i n n e r  products  
are zero f o r  a l l  p a i r s  ( h l ,  h2) o r  (XI,  x2) having one member i n  JCm (or Xm) 
and the  o the r  i n  Xu (or  Xu). For the  inne r  product  on JC, a "dis tance" 
i s ,  phys ica l ly ,  t h e  RMS p r i o r  es t imat ion  e r r o r  of  t h e  parameter 
def ined  by h. Two c o s t a t e s  a r e  orthogonal 
provided t h e  p r i o r  es t imat ion  e r r o r s  of t he  two parameters  defined by hl  and 
h2 a r e  uncor re l a t ed .  Thus, t h e  es t imat ion  e r r o r  f o r  any parameter whose 
c o s t a t e  i s  i n  i s  uncorre la ted  with t h e  e s t ima t ion  e r r o r  f o r  any parameter 
whose c o s t a t e  i s  i n  G,inc luding  t h e  measured parameters ,  and, hence, cannot 
be reduced by processing the  measurements. 
The usual  inner  products ,  hTh2, X T X ~  a r e  o f t e n  phys ica l ly  undefined i n  
es t imat ion  problems because o f  t he  phys ica l  u n i t s  a s soc ia t ed  with s t a t e  
v a r i a b l e s .  
I t  may be noted t h a t  t h e  d a t a  a r e  independent of t h a t  p a r t  of t h e  s t a t e  
which i s  i n  Xu and depends only on t h a t  p a r t  which i s  i n  X m .  A s  noted 
e a r l i e r ,  t h e  s t a t e  can be uniquely decomposed 
and s ince ,  by cons t ruc t ion ,  a l l  measurement c o s t a t e s  hm a r e  i n  K, we have, 
us ing  equat ion (13b) 
T Thmx = h X,m 
Reduction of estimation errors- The s t a t e  es t imat ion  e r r o r ,  2 ,  can be 
uniquely decomposed i n t o  p a r t s  i n  Xm and Xu 
I f ,  nex t ,  Hm, Hu a r e  any bases of G,%, and Xm, Xu a r e  def ined  i n-
accordance with equat ion (14), then t h e  p r i o r  covariance of x can be given 
bY 
1 4  

.. .~ _ .  . , 
o r ,  simply 
P
0 
= P, + P, 
This  equat ion i s  an i d e n t i t y  obtained by de f in ing  t h e  mat r ices  
I
8 E [% 
I 
I Hu] and Y E Xm j Xu] E Po8 
where 8 and Y are n x n nonsingular  matrices by cons t ruc t ion .  Next, form 
t h e  i d e n t i t y  
which, a f t e r  expanding and not ing  equat ion (13c),  y i e l d s  equat ion (15) .  
Equation (15) g ives  Po as a sum of two p o s i t i v e  semide f in i t e  mat r ices  
of rank r* and n - r*, r e s p e c t i v e l y .  This decomposition i s  unique i n  t h a t  
t he  two ma t r i ces ,  P,, Pu ,  are independent of  t h e  p a r t i c u l a r  bases  of ;jCII1 and 
JCu chosen f o r  t h e  cons t ruc t ion .  Fu r the r ,  i t  can be v e r i f i e d  t h a t  t hese  two 
mat r ices  a r e ,  r e s p e c t i v e l y ,  t h e  p r i o r  covariances  of  1, and Xu.  
If (H, Q) i s  some sequence t o  be processed and i t s  uncorre la ted  equiva­
l e n t  b a s i s  i s  now chosen as the  b a s i s  of  J$, used i n  equat ion (15),  t h e  
following i s  r e a d i l y  e s t a b l i s h e d .  
[ l o ]  Let HEu, A be t h e  uncorre la ted  b a s i s  and eigenvalues  of (H, Q) 
and Po ,  as def ined i n  s ta tement  [ 7 ] .  L e t  Hu be any b a s i s  of 3&, and 
clef i ne  
Then t h e  p r i o r  and p o s t e r i o r  covariances  a r e  
Po = X,h - 1  T + 
P = X m A - I [ I  + n1-1x; + P, 
The above expansion of P i s  obtained by us ing  s ta tement  [7] and equa­
t i o n  (15) i n  equat ion (5 ) .  A s  seen i n  s ta tement  [ l o ] ,  t he  covariance of ?u,
given by Pu, i s  unreduced by processing (H, Q ) .  The p r i o r  covariance of  
Xm can be w r i t t e n  
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where { X i )  are t h e  columns of Xm here .  The process ing  reduces each term i n  
t h i s  sum by t h e  r e s p e c t i v e  f a c t o r s  ((1 + X i ) - ' ,  i = 1, . . ., r*}. 
The perfomnunee i n  e s t ima t ing  any parameter ,  hTx i s  def ined  as 
hTPhp = ­
hTPoh 
o r  t h e  r a t i o  of p o s t e r i o r  and p r i o r  va r i ances  of  hT?. A l l  va lues  of  p are 
i n  (0,  11 and performance i s  b e t t e r  f o r  smaller va lues .  
A c o s t a t e ,  h ,  can be given as t h e  unique sum of i t s  p a r t s  i n  8, and 3(;1 
where hm has been given i n  terms of t h e  b a s i s ,  HEU, of G. Using s t a t e ­
ment [ l o ] ,  one ob ta ins  f o r  any h 
P =  r*  
i=1 
where {ai} are t h e  components of a .  From (16) it i s  apparent  t h a t  
1 c p <  1 f o r  hsX,
1 + Amax 1 + Amin 
p = 1 f o r  hsX, 
The extreme eigenvalues  thus  g ive  the  extremes of performance f o r  parameters 
whose c o s t a t e s  a r e  i n  xm while  no r educ t ion  of MS es t imat ion  e r r o r  occurs  
f o r  parameters wi th  c o s t a t e s  i n  3(;1. More gene ra l ly ,  i f  h i s  i n  n e i t h e r  
subspace (hm and hu are both n o n t r i v i a l ) ,  then performance is  i n  t h e  i n t e r v a l  
(1/1 + Amax, 1)-
The uncorre la ted  b a s i s  i s  equiva len t  t o  t h e  real  sequence (H, Q) i n  t h e  
sense t h a t  t h e  same es t ima te  and performance would be achieved i f  t h e  measure­
ments def ined by (HEu, I )  were taken in s t ead  of t h e  sequence (H, Q ) .  The 
eigenvalues  { A i }  are the  MS s i g n a l  t o  no i se  r a t i o s  f o r  t he  measurements 
def ined  by (HEu, I )  where t h e  s i g n a l  i s  t h e  p r i o r  es t imat ion  e r r o r  f o r  each 
parameter measured by HEU and t h e  MS no i se  i s  1 . 0 .  The eigenvalues  depend 
on t h e  na tu re  of t h e  p r i o r  information, as given by Po ,  as wel l  as on t h e  
sequence being processed.  If X i  >> 1 then  t h e  measurement i s  a good one 
r e l a t i v e  t o  t h e  s i g n a l  and good performance i s  obtained f o r  t h e  parameter 
def ined  by t h e  corresponding column of HEU. The converse occurs  f o r  those  
parameters corresponding t o  small e igenvalues .  If t h e  eigenvalues  range from 
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very small to very large then computational difficulties may occur in 

processing the sequence. Such difficulties appear to be inherent in many

problems of practical interest, especially in orbit determination. An inter­

esting method of alleviating such difficulties based on the size of 

eigenvalues is reported in reference 12. 

Influence of the  ini-bial covariance on es t iva t ion- Equation ( 5 )  is used 
for sequential estimation, beginning with the initial conditions PA, PA. For 
linear systems obtained as approximations of nonlinear ones, it is assumed 
that ZA is zero and PA is, in principle, determined from the measurements 
used to compute the reference solution of the nonlinear system. However, PA 
is often guessed rather than calculated from the initial measurements. This 
can be done if the final estimate is approximately independent of the initial 
covariance, which occurs when the information from subsequent measurements is 
much greater than the initial information. 
The posterior information and estimate from processing (H, Q, y) are 
(from eq. (5)) 
P - l  = PA-1 + HQ-IHT 
The condition, ?A = 0, is used in the second equation above. If the 
information from (H, Q) is much greater than the initial information 
Then PA has negligible influence on the estimate 
- 1  T -1 -1 -T?z(HQ H )  Q y = H E y E  
where (HE, I, yE) is equivalent to (H, Q, y). This requires that the whole
-1 .space be observable to the measurements, H, and if PA is expressed in the 
form 
MMT has eigenvalues much less than 1.0. 

More generally, if the whole space is not observable then the initial 

information can be separated by selecting Hm, Hu to be any bases, respec­







The two p a r t s  of PA are t h e  i n i t i a l  information matrices a s soc ia t ed ,  
r e spec t ive ly ,  with Scm and Xu and they  are independent of t h e  p a r t i c u l a r  
bases chosen f o r  t h e  cons t ruc t ion .  When Hm i s  t h e  uncor re l a t ed  b a s i s  f o r  
(H, Q) and PA, t h e  p o s t e r i o r  covariance becomes 
If t h e  eigenvalues  s a t i s f y  the  condi t ion  t h a t  
x i  >> 1 i = 1, . . ., r* 
then  
H ~p - 1  H ~ + I,~ = Q-IHT + I,~ 
The es t imat ion  i s  approximately independent of t h e  i n i t i a l  information 
a s soc ia t ed  with 3C, but  does depend on i n i t i a l  information a s soc ia t ed  wi th  
Xu. Nevertheless ,  t h e  es t imate ,  hT?, of  any parameter i n  i s  approxi­
mately independent o f  a l l  i n i t i a l  information.  This  can be v e r i f i e d  i f  w e  l e t  
Hm, Hu be, r e s p e c t i v e l y ,  any equiva len t  primary bases  of  (H, Q) and any 
square r o o t  of Iu, s o  t h a t  
P - l  = HQ-lHT + 1, = [". j Hu][Hm I H U l T  
I I 
Since both h and t h e  measurements H are i n  3C,,,, they  can be given uniquely 
i n  terms of  Hm i n  t h e  form 
h = H = HmM 
whence 
hT; = hTPHQ-'y 1a-TMQ- 1  y 
This  r e s u l t  i s  approximately v a l i d  f o r  a l l  h i n  3$, and i s  independent of  
PA. Note t h a t  t h e  product ,  aTM,  i s  independent of  t h e  choice of equiva len t  
primary b a s i s ,  Hm, used i n  the  cons t ruc t ion .  
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Secondly, i f  only some of t h e  eigenvalues  are much g r e a t e r  than  1 .0  then  
t h e  estimate, hT2, i s  independent of  PA only  f o r  t hose  parameters f o r  which 
h i s  i n  t h e  subspace spanned by t h e  columns of HEU corresponding t o  t h e s e  
eigenvalues .  
F ina l ly ,  t h i s  d i scuss ion  assumes t h a t  PA i s  "reasonably" guessed so 
t h a t  a t  least  t h e  o rde r s  of magnitude of e igenvalues  are c o r r e c t .  If some 
eigenvalues  are  small o r  a subspace i s  unobservable t o  t h e  measurements, then  
e r r o r s  i n  t h e  guessed PA w i l l  a f f e c t  t h e  estimate. 
S e l e c t i v e  Information Processing 
A given measurement sequence has many equiva len t  bases  and one can be 
found such t h a t  some of i t s  measurements are i n  any s p e c i f i e d  subspace of  X 
while the  remaining are  o u t s i d e  t h a t  subspace.  Information cons i s t ing  of  
measurements of parameters i n  t h e  s p e c i f i e d  subspace can t h e r e f o r e  be 
separated from the  o r i g i n a l  sequence. This  procedure can a l s o  be used t o  
sepa ra t e  t h e  processing equat ions ,  (5) , i n t o  independent lower order  p a r t s  by 
e x t r a c t i n g  and d e l e t i n g  c e r t a i n  information.  
[ll] Information sepa ra t ion .  Let (H, Q) be any given measurement 
sequence and 3 c ~  any g iven  subspace of X, and l e t  
k = dim(XA n 
An equiva len t  b a s i s  sequence of (H, Q) e x i s t s  having k columns which a r e  a 
b a s i s  of 3 c ~(7 X,.  
The proof of  [ll] i n  appendix B o u t l i n e s  t h e  computation of t h e  r equ i r ed  
equiva len t  b a s i s ;  t h a t  i s ,  of a p a r t i t i o n e d  primary b a s i s  
i n  which t h e  k columns of H M  form a b a s i s  of J ~ An X m  while  the  
remaining r* - k columns, HR, are  not  i n  XA ( r *  i s  t h e  rank of H). The 
p a r t i t i o n e d  equiva len t  b a s i s  generated from [ll] s e p a r a t e s  t h e  information 
mat r ix  i n t o  t h e  sum 
The two p a r t s  of t h e  sum are unique and have rank k and r *  - k,  r e s p e c t i v e l y .  
The capac i ty  o f  t h e  o r i g i n a l  sequence t o  reduce t h e  e s t ima t ion  e r r o r s  of  
parameters i n  XA i s  no t  gene ra l ly  i s o l a t e d  i n  t h e  ex t r ac t ed  measurements, 
HAM. This  i s  seen as fo l lows .  The uncor re l a t ed  complement space of  XA i s  
g iven  by 
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where HA is any b a s i s  of XA. The space XB i s  t h e  s e t  of c o s t a t e s  of  a l l  
parameters  whose p r i o r  es t imat ion  e r r o r s  are uncor re l a t ed  with the  p r i o r  
e s t ima t ion  e r r o r s  of  every parameter wi th  c o s t a t e  i n  XA. The columns of
Hm are i n  XA and, i f  processed,  c o n t r i b u t e  n o n t r i v i a l  e r r o r  r educ t ion  f o r  
parameters  with c o s t a t e s  i n  XA. The columns of HR are no t  i n  XA bu t ,  i f  
processed,  a l s o  reduce e r r o r s  f o r  parameters whose c o s t a t e s  are i n  ~ C A  except  
i n  t h e  s p e c i a l  case t h a t  t h e  columns of HR are  i n  t h e  complement space,  XB. 
On the  o t h e r  hand, e r r o r  r educ t ion  i n  XB can be prevented by e x t r a c t i n g  
and process ing  only  t h e  measurements, HAM, s i n c e  t h e s e  are a l l  i n  t h e  comple­
ment space of XB. If t h i s  i s  done, then t h e  p o s t e r i o r  es t imat ion  e r r o r s  f o r  
parameters whose c o s t a t e s  are i n  XA w i l l  remain mutual ly  uncorre la ted  wi th  
those whose c o s t a t e s  are i n  XB. 
The preceding remark  can be e labora ted  t o  s e p a r a t e  t h e  processing 
equat ion i n t o  two independent lower order  p a r t s  a s soc ia t ed  with XA and XB. 
This  i s  done by a two-part  s epa ra t ion  of (H, Q) i n t o  
Then HR i s  f u r t h e r  separa ted  i n t o  
where HRB i s  a b a s i s  of  -C(HRI n RB and H i  i s  t h e  f i n a l  remainder w i t h  
columns ou t s ide  both  XA and XB. Thus, an equiva len t  b a s i s  of t he  form 
is  obta ined .  The subspace XA i s  unobservable t o  t h e  measyrements HRB, and 
XB i s  unobservable t o  HAM. The remaining measurements HR con ta in  t h a t  
information which causes  the  p o s t e r i o r  e s t ima t ion  e r r o r s  of parameters wi th  
c o s t a t e s  i n  XA t o  become c o r r e l a t e d  with those  of parameters having c o s t a t e s  
i n  XB. Consequently, i f  H i  i s  de le t ed  from t h e  d a t a  processing then t h e  
c a l c u l a t i o n s  (eq. (5)) can be separated i n t o  two independent p a r t s  of order  
dim(3CA) and n-dim(XA) which are assoc ia ted ,  r e s p e c t i v e l y ,  with the  es t imat ion  
of parameters having c o s t a t e s  i n  XA from t h e  measurements HAM and with t h e  
es t imat ion  of parameters  having c o s t a t e s  i n  XB from t h e  measurements HRB 
(see appendix B). This  sepa ra t ion  i s  maintained i f  a s e r i e s  of measurement 




Equivalent  sequences and d a t a  a r e  used here  t o  o b t a i n  a reasonably 
u n i f i e d  view of  many ope ra t ions  t h a t  can be appl ied  t o  t h e  processing of  
a r b i t r a r y  f i n i t e  sets o f  measurements. Equivalent sequences and d a t a  are any 
s e t  of  measurements and d a t a  ( f i c t i t i o u s )  which, when processed,  g ive  t h e  same 
s ta te  estimate and covariance as t h e  real  sequence and data. An equiva len t  
b a s i s  sequence i s  one which has  t h e  fewest number of measurements p o s s i b l e  f o r  
an equ iva len t  sequence, t h i s  nLlmber being t h e  rank of  t h e  measurement c o s t a t e s  
of t h e  rea l  sequence. Basis sequences can be determined us ing  s ta tements  [4] 
and [5] and equat ion (12).  Severa l  equiva len t  b a s i s  sequences with s p e c i a l  
p r o p e r t i e s  were der ived  ( e .g . ,  t h e  uncorre la ted  equiva len t  b a s i s  which can be 
used t o  desc r ibe  performance, and bases  which sepa ra t e  t h e  information i n t o  
measurements which are e i t h e r  i n  o r  ou t s ide  of any s e l e c t e d  subspace of t he  
c o s t a t e  space) .  
P r a c t i c a l  a p p l i c a t i o n s  of t h e s e  a n a l y t i c a l  r e s u l t s  are  not  suggested as 
t h i s  matter i s  beyond t h e  scope of t h i s  r e p o r t  and success  i s  d i f f i c u l t  t o  
p r e d i c t  without  computational experimentat ion.  Computational e f f i c i e n c y  
might be improved i n  some problems by compressing t h e  obtained information t o  
an equiva len t  b a s i s  sequence p r i o r  t o  processing i n  equat ion (5) .  Equivalent 
bases  similar t o  t h e  uncorre la ted  b a s i s  are a l r eady  known i n  t h e  l i t e r a t u r e  
and a p p l i c a t i o n s  t o  t r e a t i n g  computat ional ly  i l l - cond i t ioned  problems have 
been suggested ( r e f .  1 2 ) .  F i n a l l y ,  t he  information s e p a r a t i o n  procedure can 
be used when only a f e w  parameters  are t o  be est imated and s u f f i c i e n t  informa­
t i o n  on t h e s e  parameters  can be separa ted  from t h e  o r i g i n a l  sequence and 
processed.  This  procedure can a l s o  be used t o  sepa ra t e  t h e  d a t a  processing 
equat ions i n t o  independent lower order  p a r t s  which might prove u s e f u l  i n  
problems t h a t  s epa ra t e  n a t u r a l l y  i n t o  nea r ly  uncoupled p a r t s .  
In  t h i s  s e c t i o n  t h e  d a t a  were analyzed i n  a contex t  t h a t  i s ,  perhaps,  too  
genera l  t o  y i e l d  much i n s i g h t  i n t o  the  na tu re  of e s t ima t ion .  In  p a r t i c u l a r ,  
t h e  measurement sequences are assumed t o  be a r b i t r a r y ,  b u t ,  i n  p r a c t i c e ,  mea­
surements are o f t e n  obta ined  by sampling one o r  more d a t a  types  a t  some a r b i ­
t r a r y  sequence of t imes.  The d a t a  type,  given as a time-dependent func t ion  of 
t he  s t a t e ,  i s  then  a c o n s t r a i n t  on t h e  measurements, and i t s  c h a r a c t e r i s t i c s  
a r e  common t o  any sampling of t h e  d a t a  type.  For example, some s t a t e s  may be 
unobservable t o  t h e  d a t a  types and, t he re fo re ,  t o  any sampling. I n  t h e  next  
s e c t i o n  some elementary a s p e c t s  o f  t he  a n a l y s i s  of o b s e r v a b i l i t y  f o r  d a t a  
types a r e  considered.  
DATA TYPES 
Measurements considered i n  t h i s  s e c t i o n  are  r e s t r i c t e d  t o  samplings of 
one o r  more known scalar ou tpu t s  o r  d a t a  types, of t h e  form of equat ion ( 3 ) ,  
a t  some a r b i t r a r y  f i n i t e  sequence of t imes i n  an i n t e r v a l  [to,tf]. I t  i s  
shown t h a t  t h e  s t a t e  and parameter spaces  can be decomposed i n t o  subspaces 
termed observable  and unobservable t o  t h e s e  s p e c i f i c  d a t a  types i n  a manner 
analogous t o  t h a t  given ear l ie r  f o r  a r b i t r a r y  measurement sequences. The 
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states which are unobservable t o  t h e  d a t a  types  are a l s o  unobservable t o  any 
sampling of t h e  d a t a  types .  If unobservable states occur  t h e  e s t ima t ion  
equat ion (5) can be reduced i n  o rde r  by t h e  dimension of  t h e  unobservable 
subspace s i n c e  t h e  problem can be reduced t o  one of e s t ima t ing  a lower o rde r  
observable  subsystem. 
Obse rvab i l i t y  C h a r a c t e r i s t i c s  of  Data Types 
The measurements processed wi th  equat ion (5) are r e s t r i c t e d  t o  samplings 
of  one o r  more scalar d a t a  types of the  form 
where t h e  measurement c o s t a t e  { h ( t ) ,  to G t G t F )  i s  a known, continuous 
vec to r  func t ion .  If more than one d a t a  type i s  a v a i l a b l e  f o r  sampling, then 
a d d i t i o n a l  vec tor  func t ions  { h i ( t ) ,  i = 1, . . ., k l  are given.  
The system i s  s a i d  t o  be completely observable  on [to,t F ]  provided t h e  
s ta te  can be determined from t h e  (noise- f ree)  ou tput  {m(t) ,  to < t G t F )  
( r e f .  7 ) .  The system i s  completely observable  on [to, t F ]  i f ,  and only  i f ,  
t h e  i n t e g r a l  
M(to,tF) = J"' h ( t ) h T ( t ) d t  
t 0  
i s  nonsingular o r  a l t e r n a t i v e l y ,  i f  t h e r e  e x i s t s  a t  least one s e t  of n t imes 
i n  [to, t F ]  such t h a t  t h e  mat r ix  of measurement c o s t a t e s  
i s  nonsingular .  
The elementary d e f i n i t i o n s  and cond i t ions  f o r  an  observable  system a r e  
somewhat more ex tens ive  than t h e  above summary ( e .g . ,  refs .  1, 7,  S),  bu t  f o r  
p re sen t  purposes t h e  summary s u f f i c e s .  In  many p r a c t i c a l  problems computa­
t i o n s  t o  determine o b s e r v a b i l i t y  are d i f f i c u l t  bu t  t h i s  s u b j e c t  i s  beyond t h e  
scope of t h i s  paper.  
The concern here  i s  with systems t h a t  may o r  may no t  be observable .  If 
the  d a t a  types { h i ( t ) ,  i = 1, . . ., k )  are a v a i l a b l e  f o r  sampling then each 
d a t a  type spans a subspace of X 
c a l l e d  i t s  observable  parameter space.  A b a s i s  of  t h i s  space is  given by t h e  
row o r  column space of t h e  mat r ix  
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The observable  parameter space f o r  t h e  c o l l e c t i o n  of d a t a  types i s  the  d i r e c t  
sum 
which i s  the  space spanned by t h e  c o l l e c t i o n  of bases  computed from equa­
t i o n  (19).  If X, i s  r-dimensional ,  then t h e r e  e x i s t s  a s e t  of r times i n  
[to, t F ]  and corresponding d a t a  types such t h a t  t h e  corresponding measurement 
c o s t a t e s  are a b a s i s  of Xm. Any o t h e r  sequence spans a space included i n  Xm. 
The unobservable s t a t e  space i s  def ined  from t h e  d a t a  types by 
If a b a s i s ,  Hm, of 5$11 i s  given then  Xu can be determined from 
Xu = {x:  xTHm = 0) 
An orthogonal decomposition of X and x i s  completed by def in ing  
Here, PA r e f e r s  t o  the  i n i t i a l  covariance used i n  t h e  sequen t i a l  p rocess ing .  
The matr ix ,  PA, r e s u l t s  from some s u f f i c i e n t  s e t  of  i n i t i a l  measurements of 
unspec i f ied  type,  bu t  a l l  subsequent measurements are assumed samplings of t h e  
d a t a  types.  The subspaces def ined  i n  equat ions (22) are based p a r t l y  on t h e  
i n i t i a l  s ta t i s t ica l  p r o p e r t i e s  of t h e  es t imat ion  e r r o r s  as given by PA, which 
s p e c i f i e s  those parameters  whose i n i t i a l  e s t ima t ion  e r r o r s  a r e  c o r r e l a t e d  with 
t h e  i n i t i a l  e s t ima t ion  e r r o r  of any parameter t h a t  can subsequently be 
measured by sampling t h e  d a t a  types .  
The subspaces def ined  by equat ions (20) t o  (22) are  analogous t o  those  
given by (13) f o r  a r b i t r a r y  measurement sequences. I t  i s  r e a d i l y  v e r i f i e d  
t h a t  
SO t h a t  any c o s t a t e ,  h ,  can be given uniquely as a sum 
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whose p a r t s  are, r e s p e c t i v e l y ,  i n  and ;HL. Simi la r  s ta tements  apply t o  
x, Xm, xu and any s ta te  x .  I n  a d d i t i o n  
dim%] = dim[Xm] = r 
dim[%] = dim[xu] = n - r 
where n i s  t h e  dimension of  t h e  s ta te  space.  These subspaces are  or thogonal  
decompositions of 3c and X i n  t h e  sense of t h e  inne r  products  
F i n a l l y ,  r e l a t e d  bases  of  t he  subspaces are given by 
where Hm and Hu are any bases  of % and xu, r e s p e c t i v e l y .  
Reduction t o  an Observable Subsystem 
If unobservable s t a t e s  occur then  a s u i t a b l e  t ransformat ion  of t h e  s t a t e  
space g ives  t h e  d a t a  types  i n  terms of a reduced se t  of new v a r i a b l e s  and t h e  
es t imat ion  equat ions  (5) are separa ted  i n t o  t r i v i a l  and n o n t r i v i a l  lower 
order  equat ions.  Only t h e  n o n t r i v i a l  equat ions  need be c a r r i e d  i n  t h e  com­
p u t a t i o n s .  To accomplish t h i s ,  d e f i n e  t h e  p a r t i t i o n e d  t ransformat ion  of  t h e  
s ta te  space 
i n  which Xm (r columns) and Xu (n - r columns) a r e ,  r e spec t ive ly ,  bases  of 
t h e  subspaces Xm and Xu g iven by equat ions (21) and (22) .  Any s ta te  can be 
given as a l i n e a r  combination of t h e  columns o f  X 
This  g ives  x as t h e  sum of  two v e c t o r s ,  one each i n  Xm and X u .  The com­
ponents of wm (r x 1 vec to r )  and wu (n - r x 1 vec to r )  a r e  the  components 
of x i n  xm and Xu,  r e s p e c t i v e l y ,  f o r  t h e  p a r t i c u l a r  bases  of  t hese  
subspaces chosen f o r  t h e  t ransformat ion ,  ( 2 4 ) .  
The c o s t a t e  of any measurement permit ted by t h e  d a t a  types i s  i n  %;




y = hTx + E = hTXmWm+ E 
so t h a t  measurements can be given as l i n e a r  combinations o f  t h e  r new 
v a r i a b l e s  of wm and t h e  l i n e a r  combination i s  defined by t h e  r x 1 v e c t o r ,  
Xzh. Consequently, any measurement sequence and i t s  d a t a  (H, Q, y) can be 
given as (M, Q, y ) ,  where 
TM = GH ( 2 6 )  
The i n i t i a l  covariance of  6 i s  obtained from t h e  t ransformation 
T -1The off-diagonal  submatrices are zero s ince  XmPA Xu = 0; t h a t  i s ,  the  two 
subspaces a r e  or thogonal .  The n o n t r i v i a l  p a r t s  of WA are t h e  i n i t i a l  covar­
iances  of fim and iu and are represented  h e r e a f t e r  a s  WmA and W u ~ .  If any 
sequence of measurements and i t s  d a t a  (H, Q, y) a r e  now processed and t h e  
r e s u l t i n g  p o s t e r i o r  covariance P i s  transformed, one o b t a i n s  t h e  p o s t e r i o r  
covariance of i j  as 
and t h e  estimate G i s  given by 
A 
wu = 0 
F i n a l l y ,  i f  subsequent batches of measurements a r e  processed s e q u e n t i a l l y  then 
t h e  t ransformation,  (24), maintains  t h e  s e p a r a t i o n  of  t h e  processing equat ions 




Here, Wmo and fi are the prior covariance of im and estimate of wm 
obtained from processing all earlier measurements, and (M, Q, y) is the 
current batch transformed by equation ( 2 6 ) .  Only equation ( 2 8 )  describing the 
r variables wm need be carried in the computations. These are entirely 
analogous to the original processing equations, (S), and are smaller in order 
than (5) by the dimension of Xu. 
It is usually more convenient to begin with bases of and J& and then 
obtain Xm and Xu from these bases by using equation ( 2 3 ) .  If this is done, 
then the new variables Wm, wu can be written 
that is, the new variables are parameters with costates in 3Cm and q. The 
basis, Hm, can always be selected so that H;f;PAHm is the unit r x r matrix. 
If this is done then 
w a  = I 
and M can be computed from 

#M = HmH 
T #(This result is established by noting that M = HEPAH = (HmPA%)%H # = HmH.) 
Thus, to carry out the processing with the reduced equations ( 2 8 ) ,  it is 
necessary to calculate one matrix, Hf, which is then applied to the costates 
of each measurement sequence, H, subsequently processed. 
The covariance and estimate of the original state variables, x, is 

readily recovered from W, G at any step 

The estimated state is always an element of Xm that is, is an observable 
state. The covariance is separated in equations ( 3 0 )  into two parts, this 
separation being independent of the particular bases of Xm, xu used in the 
transformation. The covariance of 2,, given by 
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i s  unreduced from i t s  i n i t i a l  va lue  by processing any measurements ob ta ined  
from t h e  d a t a  types .  Therefore ,  Pu i s  a lower bound on t h e  MS es t ima t ion  
e r r o r s  and, i n  p a r t i c u l a r ,  i t s  diagonal  elements are lower bounds on t h e  MS 
e r r o r s  t o  which t h e  o r i g i n a l  s ta te  v a r i a b l e s  can be est imated from t h e  d a t a  
types.  
A p o t e n t i a l  source of p rogres s ive  accuracy l o s s  i n  c a l c u l a t i o n s  i s  
apparent  i n  (30). Assume t h a t  xu i s  n o n t r i v i a l  and t h a t  t h e  e s t ima t ion  
c a l c u l a t i o n s  are not  separa ted  as i n  (28) and (29 ) .  A s  d a t a  are then processed,  
t h e  mat r ix  Wm i n  equat ions  (30) i s  reduced while Pu remains f i x e d .  This  
can r e s u l t  i n  t h e  p rogres s ive  l o s s  of numerical s i g n i f i c a n c e  and even t h e  rank 
wi th  which XmWmx;f; i s  r e t a i n e d  i n  t h e  ca l cu la t ed  covariance mat r ix .  The 
es t imate ,  2, depends on XmWm$ and not  on Pu making it s u b j e c t  t o  progres­
s i v e l y  l a r g e r  c a l c u l a t i o n  e r r o r s .  The removal o f  unobservable states from t h e  
d a t a  processing,  as i n  equat ion ( 2 8 ) ,  removes t h i s  source of  c a l c u l a t i o n  
e r r o r s .  
An example i s  given i n  appendix D t o  i l l u s t r a t e  t h e  a p p l i c a t i o n  of 
o b s e r v a b i l i t y  a n a l y s i s  descr ibed  i n  t h i s  s e c t i o n .  
Discussion 
The d a t a  type r e f e r s  t o  a s c a l a r  func t ion  of time and t h e  i n i t i a l  s t a t e  
whose sampling a t  some a r b i t r a r y  f i n i t e  s e t  of t imes i n  an  i n t e r v a l  [to, t F ]  
provides  t h e  measurement sequence used t o  e s t ima te  t h e  s t a t e .  The d a t a  type  
i s  then  a c o n s t r a i n t  on t h e  measurements and a l l  samplings possess  common 
p r o p e r t i e s  as a r e s u l t  o f  t h e  c o n s t r a i n t .  
One such proper ty  i s  o b s e r v a b i l i t y  which r e f e r s  t o  t h e  s u f f i c i e n c y  of t h e  
d a t a  type f o r  de te rmina t ion  of t he  s t a t e  from some sampling i n  the  i n t e r v a l  
[ t o ,  tF]. The observable  parameters and unobservable s t a t e s  a r e  def ined  from 
t h e  d a t a  type.  The i n i t i a l  covariance mat r ix  i s  introduced and then t h e  
unobservable parameters  and observable  s t a t e s  can be def ined .  These four  sub-
spaces de f ine  an or thogonal  decomposition of t h e  parameter and s t a t e  spaces 
and permit  s epa ra t ion  of t h e  process ing  equat ions i n t o  t r i v i a l  and n o n t r i v i a l  
p a r t s  a s soc ia t ed  with e s t ima t ing  t h e  observable  and unobservable components of 
t he  s t a t e .  If t he  system i s  not  observable  t o  the  d a t a  type ,  t h e  problem can 
be reduced t o  one of e s t ima t ing  t h e  lower order  observable  subsystem. 
This  s e c t i o n  has considered only b a s i c  d e f i n i t i o n s  and t h e  immediate 
e f f e c t s  of unobservable states i n  t h e  d a t a  processing;  it i s  by no means as 
ex tens ive  as one expects  t h e  a n a l y s i s  of  d a t a  types even tua l ly  t o  be.  I t  i s  
p o s s i b l e  t o  d i s t i n g u i s h  between complete and t o t a l  o b s e r v a b i l i t y  ( r e f .  7 ) .  
i fThe observable  space,  G,i s  completely observable  i n  [to, t ~ ]  it i s  
spanned by t h e  d a t a  type  dur ing  t h i s  i n t e r v a l ,  and i s  t o t a l l y  observable  i f  
i t  i s  spanned dur ing  every n o n t r i v i a l  sub in te rva l  of  [ t o ,  t F ] .  Apparently,  
t h e  space spanned by t h e  d a t a  type during [ t o ,  t F ]  i s  t o t a l l y  observable ,  pro­
vided t h e  d a t a  type  can be expanded i n  a Taylor series on [to, t F ] ,  and t h i s  
i s  o f t e n  t h e  case  i n  e s t ima t ion  problems. In  add i t ion ,  only the  i n t e g r a l  con­
d i t i o n  f o r  o b s e r v a b i l i t y  has  been mentioned, bu t  condi t ions  i n  terms of  
d e r i v a t i v e s  of  t he  d a t a  type  c o s t a t e  a r e  a l s o  a v a i l a b l e ,  by way of t h e  d u a l i t y  
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between controllability and observability, from the results in reference 13 
and elsewhere. Computations to determine the space observable t o  a data type 
are difficult at best in many practical problems, but the matter of computa­
tionally efficient methods is beyond the scope of this report. Finally, the 
characteristics of the data type which influence performance when all states 
are observable are not investigated here. 
CALIBRATION ACCURACY LIMITS IN ESTIMATION PROBLEMS 

In most estimation problems, calibration measurements are carried out 

initially and later measurements are comparisons between unknowns in the prob­

lem and calibrated quantities. It is expected that the accuracy to which the 

unknowns can be estimated from such measurements is limited by the accuracy 

of the initial calibrations. The existence of accuracy limits in an estima­

tion problem implies the existence of corresponding unobservable states and 

parameters and suggests that observability theory can be applied to their 





Measurements are comparisons of like physical phenomena, such as two 
lengths or two masses. The basis of comparison is made unique by inter­
national definition of unit phenomena of time, length, mass, and temperature

termed the second, meter, kilogram, and degree Celsius.2 For example, the 

meter is currently defined to be the distance covered by 1,650,763.73 wave­

lengths of a certain line of a Krypton 86 source under specified conditions 

(ref. 14). Estimation problems can be regarded as exercises in comparing 

some set of physical phenomena to these internationally defined unit phenomena. 

CaZibrations are defined here as comparisons of any quantity in the problem 
with the unit phenomena (e.g., measuring a distance by counting wavelengths). 
With the exception of time, which is sometimes measured with a cesium clock, 
the calibrations are usually carried out initially and are excluded from the 
data types. In these cases, the accuracy to which the state variables can be 
estimated in the international units by sampling the data types is necessarily 
limited to the accuracy set by the initial calibrations. 
The nature of the calibration accuracy limit is obvious in simple cases. 

For example, a length estimated by comparison with a meter stick can even­

tually be estimated, after a series of such independent measurements, with 

nearly the accuracy with which the meter stick was originally calibrated. If 

the length is compared to five independently calibrated meter sticks then the 

unknown length and the lengths of each of the five meter sticks can be esti­

mated to the accuracy of the best initial estimate of length that here, is the 

length of all five meter sticks laid end to end, or equivalently, the accuracy 

obtained by averaging five independent calibrations of one meter stick. 

20ther units are derived from these four (ref. 14). In orbit estimation 

only time and length units appear. 
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I n  both cases ,  sampling t h e  d a t a  types amounts t o  a comparison of a l l  
l engths  i n  t h e  problem wi th  an in te rmedia te  length  s tandard ,  t h e  length  of t he  
meter s t i c k  i n  t h e  f i rs t  case and t h e  sum o f  t h e  lengths  of  t h e  f i v e  meter 
s t i c k s  i n  t h e  second. The e s t ima t ion  accuracy f o r  t h e  in te rmedia te  length  
s tandard cannot be improved by sampling t h e  d a t a  type.  I t  i s  unobservable.  
Other problems are less obvious s i n c e  c a l i b r a t i o n s  of varying accurac ies  
are o f t e n  bur ied  i n  t h e  i n i t i a l  estimates of fundamental parameters i n  t h e  
problem. However, f e a t u r e s  similar t o  those  descr ibed  above can be demon­
s t r a t e d ;  i f  the  d a t a  types are not  c a l i b r a t i o n s ,  then  an independent unobserv­
ab le  s ta te  can be shown t o  e x i s t  f o r  each phys ica l  u n i t  i n  t h e  problem. For 
each such s t a t e  a corresponding accuracy l i m i t  i s  obtained,  t hese  l i m i t s  
being t h e  b e s t  accurac ies  t o  which any length ,  mass, and temperature i n  t h e  
problem have been es t imated  i n i t i a l l y .  The length ,  mass,and temperature 
which have been est imated i n i t i a l l y  t o  t h e s e  b e s t  accurac ies  a r e  t h e  i n t e r ­
mediate s tandards  of  length ,  mass, and temperature .  They are t h e  "meter 
s t i c k s "  of t h e  problem a g a i n s t  which t h e  d a t a  types compare o the r  q u a n t i t i e s .  
Unobservable Ca l ib ra t ion  S t a t e s  
I f  the d a t a  types a r e  not  c a l i b r a t i o n s ,  they  a r e  comparisons o r  r a t i o s  of 
unknown q u a n t i t i e s  i n  t h e  problem and, hence, are nonl inear  i n  t h e  unknowns. 
Therefore ,  f o r  t h e  a n a l y s i s  of c a l i b r a t i o n  accuracy t h e  l i n e a r  system 
(eqs.  (1) t o  ( 3 ) )  i s  assumed t o  be obtained by l i n e a r i z i n g  a nonl inear  one 
(eq. ( 6 ) ) ,  us ing  equat ions  (8) and (9) and a r e fe rence  s o l u t i o n  of (6a) given 
from some s e t  of i n i t i a l  measurements which inc lude  t h e  c a l i b r a t i o n s .  
S u f f i c i e n t  conditions for exLstence of unobservabZe s t a t e s - I t  i s  shown, 
nex t ,  t h a t  simple condi t ions  on t h e  nonl inear  system s u f f i c e  f o r  t h e  ex i s t ence  
of unobservable s ta tes  of  t he  l i n e a r i z e d  system. These r e s u l t s  a r e  appl ied i n  
t h e  subsequent a n a l y s i s  of c a l i b r a t i o n  accuracy. 
In  the  fol lowing s ta tement ,  X i s  the  n x 1 s t a t e  vec to r ,  and 
{XA(t), to G t G tF) i s  the  r e fe rence  s o l u t i o n  of t h e  nonl inear  s t a t e  equat ion 
used i n  l i n e a r i z i n g  t h e  equat ions.  The d a t a  types ,  {mi(X), i = 1, . . ., k l  
and t h e  components of t h e  s t a t e  equat ion 
a r e  a l l  assumed def ined  with continuous p a r t i a l  d e r i v a t i v e s  on the  s t a t e  space.  
[12]  S u f f i c i e n t  cond i t ions .  Define t h e  diagonal  matrices 
where CJ1, . . ., JnI  is  a s e t  of i n t e g e r s  and X is  r ea l  and a r b i t r a r y .  If 
t h e r e  e x i s t s  a s e t  of i n t e g e r s ,  IJ1 ,  . . ., Jn}, f o r  which 
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(1) ?(AX) = Af-(X) 
(2) mi(hX) = mi(X) i = 1, . . ., k 
f o r  a l l  X and A, then  t h e  s t a t e  
i s  an unobservable (devia t ion)  s t a t e  of t h e  l i n e a r i z e d  system. 
A d e t a i l e d  proof of s ta tement  [12] i s  given i n  appendix C .  The 
condi t ions  of  t he  s ta tement  r e q u i r e  t h e  d a t a  types and t h e  components of  
f(X) t o  be a l g e b r a i c a l l y  homogeneous. A s  w i l l  be shown, these  condi t ions  a r e  
met i f  t h e  d a t a  types exclude c a l i b r a t i o n s .  Then t h e  i n t e g e r  powers t o  which 
any s i n g l e  phys ica l  u n i t ,  o the r  than t h e  u n i t  of time, appears i n  t h e  s t a t e  
v a r i a b l e s  are sets  of  i n t e g e r s  t h a t  s a t i s f y  t h e  condi t ions  of s ta tement  [ 1 2 ] .  
These i n t e g e r s  are r e a d i l y  given by in spec t ion  of t h e  u n i t s  of  t h e  s t a t e  
v a r i a b l e s .  A s  shown i n  appendix C ,  i t  fol lows from Eu le r ' s  theorem f o r  
homogeneous func t ions  t h a t  t h e  consequence of t h e  f irst  condi t ion  of 
s ta tement  [12]  i s  t h a t  t h e  vec to r  func t ion  
i s  a s o l u t i o n  of t h e  l i n e a r i z e d  s t a t e  equat ion  and can be given as 
The consequence of t he  second condi t ion  i s  t h a t  t h e  d a t a  types s a t i s f y  
Noting equat ion (21a) and equat ions (3) and (9), then  E o  i s  an unobservable 
s t a t e  of t he  l i n e a r i z e d  system. 
S imi la r  consequences occur f o r  t h e  non l inea r  system as w e l l .  If t h e  
f i r s t  condi t ion  i s  s a t i s f i e d  by some s e t  of i n t e g e r s ,  then  t h e  v e c t o r  func t ion  
i s  a s o l u t i o n  of t he  nonl inear  s t a t e  equat ion f o r  a l l  A .  I f ,  i n  a d d i t i o n ,  
t he  second cond i t ion  i s  s a t i s f i e d  by t h e  same i n t e g e r s ,  then  these  s o l u t i o n s  
a r e  a l l  i nd i s t ingu i shab le  t o  the  d a t a  types ;  t h a t  i s ,  
mi(Y(t)) = mi(XA(t)) i = 1, . . ., k 
and the  output  i s  i d e n t i c a l  f o r  a l l  s o l u t i o n s  def ined  by (32).  
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State  equation and condition one- I t  i s  next  shown t h a t  t h e  s t a t e  
equat ion s a t i s f i e s  t h e  f i rs t  condi t ion  of s ta tement  [12]  f o r  those  sets o f  
i n t e g e r s  which are t h e  i n t e g e r  powers t o  which any s i n g l e  phys ica l  u n i t  
(meter, kilogram, degree) ,  o t h e r  than  t h e  u n i t  o f  time, appears i n  t h e  s t a t e  
v a r i a b l e s .  
F i r s t ,  a r e s t r i c t i o n  on t h e  d e f i n i t i o n  of  t h e  s ta te  i s  necessary.  The 
s t a t e ,  roughly,  i s  a vec to r  l i s t  of  independent unknowns which s u f f i c e  t o  
d e f i n e  t h e  measurements and t h e  observed system. Every phys ica l  q u a n t i t y  i n  
t h e  problem i s  assumed est imated i n i t i a l l y ,  as i s  implied by t h e  ex i s t ence  of 
a r e fe rence  s o l u t i o n  of t he  s t a t e  equat ion.  However, t h e  t r u e  va lue  of  every 
such q u a n t i t y  i s  unknown and any d i f f e r e n c e  between t h e  t r u e  and est imated 
va lues  can affect  t h e  d a t a .  Only t h e  i n t e r n a t i o n a l  u n i t  phenomena, whose 
va lues  are one by d e f i n i t i o n ,  a r e  regarded here  as known. In  many p r a c t i c a l  
problems, some q u a n t i t i e s ,  which are est imated very  accu ra t e ly  i n i t i a l l y ,  a r e  
t r e a t e d  as known, but  such an approximation cannot be made here  without  
e l imina t ing  t h e  c a l i b r a t i o n  accuracy l i m i t .  I n  add i t ion ,  t h e  s t a t e  Var iab les  
are assumed independent (no s t a t e  v a r i a b l e  can be given as a func t ion  of t h e  
o the r s )  and s u f f i c e  t o  d e f i n e  t h e  measurements and t h e  observed system ( a l l  
unknowns i n  t h e  problem a r e  s t a t e  v a r i a b l e s  o r  func t ions  of s t a t e  v a r i a b l e s ) .  
The components of t he  s t a t e  vec to r  are  given i n  u n i t s  of seconds,  meters ,  
kilograms, o r  degrees  Ce l s ius ,  which appear t o  a r b i t r a r y  i n t e g e r  powers 
( p o s i t i v e ,  nega t ive ,  o r  zero) 
If one of t h e  u n i t s ,  say  length ,  i s  sca led  by X 
m = Am' 
where A i s  any r e a l  number,3 then t h e  same s t a t e  exFressed i n  t h e  two u n i t s  
i s  r e l a t e d  by 
If  {XA(t), x a ( t ) ,  to G t G t F I  are t h e  same s o l u t i o n  of t h e  s t a t e  equat ion 
viewed i n  t h e  two u n i t s ,  both s a t i s f y  t h e  s t a t e  equat ion  
3The new u n i t ,  m ' ,  d e f ines  a d i f f e r e n t  number of wavelengths of  
krypton 86 t o  be the  d i s t a n c e  u n i t .  This  changes t h e  numerical s i z e ,  o r  
s c a l e ,  of a l l  d i s t a n c e s  by t h e  f a c t o r  X. No s ta te  v a r i a b l e  can become t h e  
d i s t ance ,  o r  known u n i t ,  by such a change of  s c a l e .  
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The vec to r  func t ion ,  s( ), is  unaf fec ted  by changes i n  t h e  scale of any u n i t  
s i n c e  a l l  q u a n t i t i e s  r e q u i r i n g  u n i t s  are n e c e s s a r i l y  unknowns and are s ta te  
v a r i a b l e s  o r  func t ions  of s ta te  v a r i a b l e s  by d e f i n i t i o n .  From t h i s  and 
equat ion (34) it fo l lows  t h a t  
where 
Thus, t h e  s t a t e  equat ion  satisfies s ta tement  [12] f o r  t h e  i n t e g e r s  
[ B i ,  i = 1, . . ., n )  which are t h e  powers of t h e  l eng th  u n i t  i n  t h e  s t a t e  
v a r i a b l e s .  The same i s  t r u e  f o r  t h e  sets of  i n t e g e r s ,  [ y i ,  i = 1, . . ., n}, 
e t c . ,  corresponding t o  any o the r  u n i t ,  except  t i m e ,  which appear i n  t h e  
s t a t e  v a r i a b l e s .  
Data t ypes  and condi t ion two- I n  t h i s  s e c t i o n  it i s  shown t h a t  t h e  d a t a  
types s a t i s f y  condi t ion  two of s ta tement  [12]  f o r  t hose  i n t e g e r s  given above 
wi th  equat ion ( 3 5 ) ,  provided only t h a t  t h e  d a t a  types  exclude c a l i b r a t i o n s .  
Measurements are q u a n t i t a t i v e  comparisons of l i k e  phys ica l  phenomena. 
For example, r ada r  ranging s t a t i o n s  measure t h e  phase s h i f t  between emit ted 
and rece ived  waves, t h i s  measurement being a r e l a t i o n  between the  observed 
system and t h e  s t a t i o n  given by 
1 1 %  - FSlm(X) = ­2Tr A, 
which i s  a comparison of t h e  s t a t i o n - v e h i c l e  d i s t a n c e ,  IFv - Es/,with t h e  
r ada r  wavelength, A,. A l l  phys ica l  q u a n t i t i e s  r equ i r ed  t o  d e f i n e  t h i s  d a t a  
type  Rv,  Rs,  A s  appear among o r  are func t ions  of t h e  s t a t e  v a r i a b l e s  by 
d e f i n i t i o n  of t h e  s t a t e .  
The b a s i s  f o r  comparing l i k e  phenomena i s  made unique by de f in ing  a 
s i n g l e  such phenomenon t o  be the  u n i t .  C a l i b r a t i o n s  are  def ined here  t o  be 
comparisons of phys i ca l  q u a n t i t i e s  wi th  t h e  appropr i a t e  u n i t  phenomena. The 
va lues  obtained from c a l i b r a t i o n s  a r e  given i n  u n i t s :  seconds,  meters ,  
kilograms, o r  degrees  Cels ius .  I t  i s  assumed t h a t  t h e  s t a t e  i s  t o  be e s t i ­
mated i n  t h e s e  u n i t s  so  t h a t  c a l i b r a t i o n s  must occur  somewhere i n  t h e  estima­
t i o n  procedure.  Any o t h e r  measurement i s  a r a t i o  of l i k e  phenomena, n e i t h e r  
of which i s  a u n i t .  Such r a t i o s  a r e  nonl inear  i n  t h e  unknowns and t h e i r  
va lues  are dimensionless  and, t he re fo re ,  unaf fec ted  by any change i n  t h e  s i z e  
of u n i t s .  
Assume t h a t  c a l i b r a t i o n s  occur i n  an i n i t i a l  set of  measurements. Then 
t h e  d a t a  types, {mi(X), i = 1, . . ., k ) ,  t o  be sampled a r e  dimensionless 
r a t i o s  of func t ions  of t h e  s t a t e  v a r i a b l e s  whose va lues  are unaf fec ted  by 
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changes i n  the  s i z e  of  u n i t s .  If X, X '  refer  t o  t h e  same s t a t e  given i n  
each of two sets of u n i t s  t h a t  d i f f e r  i n  s i z e ,  then 
m i ( X ' )  = mi(X) i = 1, . . ., k 
where X ,  X' are r e l a t e d  by (34) f o r  changes i n  t h e  l eng th  scale, and by 
analogous r e l a t i o n s  f o r  scale changes i n  any o t h e r  u n i t .  Therefore 
m i ( A X )  = mi(X) i = 1, . . ., k (36) 
where {Jil  are t h e  i n t e g e r  powers t o  which any s i n g l e  u n i t  appears  i n  t h e  
s t a t e  v a r i a b l e s  and X i s  any real  number. Thus t h e  d a t a  types s a t i s f y  
condi t ion  two of s ta tement  [12] f o r  t h e  i n t e g e r s  given above, provided t h e  
d a t a  types a r e  not  c a l i b r a t i o n s .  I n  view of  equat ions (35) and (36),  i t  can 
be s t a t e d  t h a t :  
[13] Statement [12]  i s  s a t i s f i e d  by those  sets of  i n t e g e r s  
{Ji ,  i = 1, . . ., n}, which are the  i n t e g e r  powers t o  which any s i n g l e  
phys ica l  u n i t ,  o t h e r  than  t h e  u n i t  of time, appears i n  t h e  s t a t e  v a r i a b l e s  
provided t h e  d a t a  types are not  c a l i b r a t i o n s .  
Ca l ib ra t ion  Accuracy, t h e  Meter S t i c k s ,  and Their  
Rela t ion  t o  I n i t i a l  Measurements 
If t h e  d a t a  types are not  c a l i b r a t i o n s  then ,  consequent t o  
s ta tements  [12]  and [13],  unobservable s t a t e s  occur and a r e  def ined  by 
where Xo i s  the  i n i t i a l  s ta te  of t h e  r e fe rence  t r a j e c t o r y  and (51, . . ., Jn}, 
are t h e  i n t e g e r  powers t o  which any s i n g l e  u n i t ,  o the r  than  t h e  u n i t  of t i m e ,  
appears i n  t h e  s t a t e  v a r i a b l e s .  For example, t h e  i n t e g e r s  {J1, . . ., Jn} f o r  
t h e  length  u n i t  are the  powers t o  which t h e  meter i s  r a i s e d  i n  t h e  components 
X 1 ,  . . ., Xn of t h e  s t a t e  vec to r .  For each u n i t  ( length ,  mass, o r  tempera­
t u r e )  which appears i n  t h e  s t a t e  v a r i a b l e s ,  one independent unobservable s t a t e  
(Soz ,  E,,, Eo,} i s  def ined by (37) .  
The i n i t i a l  s t a t e  of t h e  r e fe rence  t r a j e c t o r y  i s  assumed t o  be an 
estimate based on some a r b i t r a r y  and s u f f i c i e n t  s e t  of i n i t i a l  measurements. 
I t  i s  a l s o  assumed t h a t  t h e  e r r o r  covariance mat r ix ,  PA, corresponding t o  
t h i s  estimate i s  g iven  and i s  a p o s i t i v e  d e f i n i t e  symmetric n x n mat r ix .  
A b a s i s  of t h e  unobservable c a l i b r a t i o n  states i s  
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and a b a s i s  of i t s  complement space i s  def ined  by 
Xm = any b a s i s  of  { X :  XTPilXu = 0) (38b) 
E a r l i e r  terminology i s  cont inued by r e f e r r i n g  t o  Xm as t h e  observable  
s t a t e s ,  bu t  t h i s  i s  c o r r e c t  on ly  i n  t h e  absence of independent unobservable 
s t a t e s  o the r  than  (38a) .  The i n i t i a l  covariance can now be separa ted  i n t o  
p a r t s  a s soc ia t ed  wi th  Xm and Xu: 
o r  simply 
PA = Pm + Pu 
I t  i s  a l s o  convenient t o  adopt t h e  no ta t ion  
i n  order  t o  i d e n t i f y  ind iv idua l  elements from t h i s  p o s i t i v e  d e f i n i t e  ma t r ix .  
In i t i aZ  es t imat ion  accwaey f o r  any Zength- A length  i n  the  problem i s  
any d i f f e r e n t i a b l e  s c a l a r  func t ion  of t h e  s t a t e  Z ( X )  which has dimensions of  
length.  If t h e  l eng th  u n i t  i s  sca led  by A ,  then  t h e  va lue  of Z(X) must a l s o  
be scaled by A t o  ob ta in  Z(X') i n  the  new u n i t ,  bu t  i f  any o the r  u n i t  i s  
sca led  by A ,  t h e  va lue  of Z ( X )  i s  unchanged: 
z(nZx) = AZ(X) 




and the subscripts, 2, my T, indicate that the integers {JI, . . ., Jn} in A 
correspond to the length, mass, or temperature unit. From Euler's theorem 
(appendix C) for functions with the above homogeneity properties, it follows 
that 
valid for any length, Z ( X ) .  The gradient is understood to be evaluated at 
Xo.  Analogous statements follow for all functions, m(X), T ( X )  which are any 
mass, or temperature in the problem 
The accuracy to which any length is estimated from the initial measure­





The part, nu(Z), is due to the unobservable initial errors associated 
with the calibration states. The accuracy to which Z ( X )  can be estimated 
from any subsequent processing of data from any noncalibration data types 
cannot exceed qU(Z). Employing equation (40a) in the definition of Pu 
(eqs. ( 3 8 ) ) ,  obtain 
Thus, the accuracy limit is v Z z  and is the same foi-all lengths in the 
problem. In orbit estimation problems in which important lengths, such as 

radar station location, planetary distances or miss distance, are estimated 

from noncalibration data types, p z z  is the limiting accuracy obtainable. 

Analogous statements apply to all masses or temperatures in the problem 

rlu(m) = P'", nu(.) = PTT (42b) 
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More gene ra l ly ,  q u a n t i t i e s ,  g(X), which have composite u n i t s  (e .g .  , makgBdegY) 
have t h e  accuracy l i m i t  
Length with best  i n i t i a l  accuracy- A l eng th  i n  t h e  problem is any 
d i f f e r e n t i a b l e  s c a l a r  func t ion  of t h e  s ta te  Z(X) which has  dimensions of  
length.  The accuracy of t h e  i n i t i a l  estimate of  any such length  is  given by 
Since p z z  i s  f i x e d  and independent of  Z(X) then  t h e  l eng th  which minimizes 
~(2)i s  any func t ion ,  Z*(X), such t h a t  
This r e q u i r e s  
V Z *  TXm = O 
By d e f i n i t i o n  o f  Xm (eq. (38b)) a l l  vectors lwhich s a t i s f y  t h i s  equat ion 
must be l i n e a r  combinations of t h e  columns of P i  Xu 
Since Z*(X) i s  a length  i t  s a t i s f i e s  equat ion (40a) so t h a t  
and then  
V I *z*(XO) = P ~ ~ ( C ~ Z ~ Z Z+ ComPZm + 5oTvz-r) (44a) 
While equat ion (44a) does not  g ive  Z*(X) uniquely,  it does g ive  t h e  g rad ien t  
of Z*(X) a t  Xo w i th in  t h e  ambiguous f a c t o r ,  Z*(Xo). Analogous r e s u l t s  are 
obtained f o r  t h e  mass o r  temperature with t h e  b e s t  i n i t i a l  accurac ies  
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"Meter sticks" of  the problem- In  t h e  absence of c a l i b r a t i o n s  among t h e  
d a t a  types, t h e  e s t ima t ion  of t he  s t a t e  from t h e  d a t a  types i s  equiva len t  t o  
comparing a l l  lengths  i n  t h e  problem t o  Z*(X) and a l l  masses t o  m*(X). The 
q u a n t i t i e s ,  I*  (X) , m* (X) , T* (X) are t h e  in te rmedia te  s tandards  o r  "meter 
s t i cks"  of t h e  problem s ince ,  f o r  t h e i r  r e s p e c t i v e  phys ica l  phenomena, they  
occupy t h e  r o l e  of a meter s t i c k  used t o  measure a d i s t a n c e .  This  i s  shown 
by t h e  fol lowing a n a l y s i s .  
If t h e  d a t a  types exclude c a l i b r a t i o n s  then  unobservable c a l i b r a t i o n  
s ta tes  are r o u t i n e l y  p re sen t  and can be removed from t h e  d a t a  process ing  as 
descr ibed  i n  an e a r l i e r  s ec t ion .  This  i s  done by t ransforming t h e  d e v i a t i o n  
s t a t e  t o  a new se t  of v a r i a b l e s ,  w ,  def ined  by 
In  t h e  p re sen t  con tex t ,  Xm and Xu a r e  def ined  i n  equat ions ( 3 8 ) .  The new 
i r e - .  b l e s ,  wm, wu a r e  t h e  components of t h e  s t a t e  i n  Xm, Xu. The components, 
wm, can be est imated from any ( s u f f i c i e n t )  nonca l ib ra t ion  d a t a  types 
(eqs. ( 2 8 ) )  whi le  t h e  components wu cannot (eqs.  (29) ) .  
The na tu re  of t he  v a r i a b l e s ,  Gu, can be determined by premul t ip ly ing  
equat ion (25) wi th  G P i l ,  and i n v e r t i n g  t h e  r e s u l t  t o  ob ta in  
vz*T%/z* (XO) 
iu = [m*T2/m* (xo)) (45) 
VT*Tz/T* (X,) 
Thus, t h e  q u a n t i t i e s  Gu which cannot be est imated are t h e  e r r o r s ,  i*, fi*, 
-C* with  which t h e  "meter s t i c k s "  of t h e  problem have been est imated from t h e  
i n i t i a l  measurements. 
Rather than analyze t h e  na tu re  of Gm d i r e c t l y  it i s  convenient  t o  
consider  t h a t  p a r t  of t h e  i n i t i a l  e s t ima t ion  e r r o r  f o r  any l eng th ,  mass, o r  
temperature i n  t h e  problem which can be est imated from nonca l ib ra t ion  d a t a  
types. The e s t ima t ion  e r r o r ,  '1, f o r  any length ,  Z(X), i s  given from t h e  s ta te  
es t imat ion  e r r o r  by 
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This  can be  separa ted  i n t o  observable  and unobservable p a r t s  
z = vzTxmiim + V Z T X U w ,  
o r  simply 
The observable  p a r t  i s  
- ­
zm = z - vzTxuGu 

which, no t ing  equat ions (40a) and (45),  becomes 
- ­z m = z - Z(X0) vz"T; 
Z" (XO) 
If the  r a t i o  of Z(X) t o  t h e  meter s t i c k  i s  def ined  
r(X> = % (46) 
then t h e  e s t ima t ion  e r r o r  f o r  t h i s  r a t i o  i s  
1?(XI = V r T i  = 
2" (XO) 
s o  t h a t  
Thus, f o r  any length ,  Z(X), t h a t  p a r t  of t h e  i n i t i a l  es t imat ion  e r r o r  which 
can be est imated from samples of  nonca l ib ra t ion  d a t a  types i s  t h e  e r r o r  wi th  
which Z ( X )  is  known r e l a t i v e  t o  t h e  meter s t i c k ,  Z*(X), o f  the  problem. 
S imi la r  conclusions apply t o  a l l  masses and temperatures  i n  t h e  problem. The 
es t imat ion  procedure,  when us ing  nonca l ib ra t ion  d a t a  types,  i s  a t  most one of  
comparing a l l  lengths  t o  Z*(X) and a l l  masses t o  m*(X). 
CaZibration accuracy and i n i t i a l  measurements- The accuracy t o  which any 
quan t i ty  r equ i r ing  u n i t s  (o ther  than  time) can be est imated without performing 
new c a l i b r a t i o n s  i s  l imi t ed .  The r e l a t i o n  of  t h e s e  l i m i t s  t o  t h e  measurements 
performed i n i t i a l l y  i s  examined nex t .  
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The i n i t i a l  measurements are those  used t o  determine t h e  r e fe rence  
t r a j e c t o r y .  These have been loose ly  descr ibed  as any a r b i t r a r y  and s u f f i c i e n t  
se t .  I t  is  f u r t h e r  assumed t h a t  t h i s  se t  i s  f i n i t e ;  t h a t  a vec to r ,  Y ,  can be 
given which i s  a ( f i n i t e )  l i s t  of a l l  independent phys i ca l  q u a n t i t i e s  r equ i r ed  
t o  d e f i n e  t h e  i n i t i a l  measurements; t h a t  t h e  s ta te  v a r i a b l e s ,  X ,  can be  
included i n  t h e  v a r i a b l e s  o f  Y,  and t h a t  t h e  s e t  o f  i n i t i a l  measurements i s  
s u f f i c i e n t  t o  determine Y.  
I n  the  preceding statement, t h e  independence of t h e  v a r i a b l e s ,  Y ,  means 
t h a t  t h e r e  i s  no n o n t r i v i a l  r e l a t i o n  
among t h e s e  v a r i a b l e s .  Fu r the r ,  t h e  vec to r ,  Y ,  can always be given as 
Here, X i s  the  s t a t e  v e c t o r  which has appeared throughout t h e  e a r l i e r  t e x t  
and i s  a l i s t  of independent q u a n t i t i e s  r equ i r ed  t o  de f ine  t h e  observed 
dynamic system and t h e  d a t a  types .  These can always be included i n  Y ,  s i n c e  
t h e  r e fe rence  i n i t i a l  s ta te ,  Xo, could no t  otherwise be determined from the  
i n i t i a l  measurements. However, t he  i n i t i a l  measurements are not  r e s t r i c t e d  t o  
t h e  d a t a  types so  t h a t  a d d i t i o n a l  unknown phys ica l  q u a n t i t i e s ,  Z ,  a r e  gener­
a l l y  r equ i r ed  f o r  t h e i r  d e f i n i t i o n .  F i n a l l y ,  t h e  s u f f i c i e n c y  of  t h e  i n i t i a l  
measurements t o  determine Y means t h a t  t h e r e  i s  a t  least  one subse t  of mea­
surements f o r  which an  inve r se  func t ion  e x i s t s  g iv ing  a l l  t h e  v a r i a b l e s ,  Y ,  i n  
terms of t h e  d a t a .  This ,  o f  course ,  guarantees  t h a t  Xo can be determined. 
The above d e s c r i p t i o n  of t h e  i n i t i a l  measurements i s  s u f f i c i e n t  f o r  
immediate purposes bu t  i s  incomplete.  A statement  t o  i n s u r e  t h a t  a l l  t h e  i n i ­
t i a l  measurements a r e  r e l e v a n t  t o  t h e  e s t ima t ion  of Xo i s  lacking ,  as w e l l  as 
a s ta tement  on t h e  measurement no i se .  
Next, l i s t  a l l  t h e  i n i t i a l  measurements and seg rega te  them i n t o  c a l i b r a ­
t i o n s  of l eng th ,  mass, and temperature  and measurements t h a t  are no t  such 
c a l i b r a t i o n s ;  t h a t  i s ,  
re fe r  t o  t h e  i n i t i a l  l eng th  c a l i b r a t i o n s ,  
are t h e  mass and temperature  c a l i b r a t i o n s ,  and f i n a l l y ,  
are t h e  remaining measurements. The measurements of  t h i s  las t  ca tegory  are 
dimensionless  i n  length ,  mass, and temperature .  
The measurements i n  equat ions (49) are r equ i r ed  to be s u f f i c i e n t  t o  
determine Y; t h a t  i s ,  some subse t  of  (49) has  an i n v e r s e  func t ion  which 
g ives  Y i n  terms of  t h e  da t a .  Let HA(Y) be t h e  mat r ix  whose columns are 
t h e  g r a d i e n t s  of equat ions  (49) eva lua ted  a t  Y,  and l e t  QA be t h e  n o i s e  
mat r ix .  Take t h e  requirement f o r  t h e  s u f f i c i e n c y  of  equat ions  (49) to mean 
t h a t  HA(Y) has  maximal rank a t  every Y ,  and, f o r  s i m p l i c i t y ,  assume t h a t  a l l  
i n i t i a l  measurements are made wi th  independent n o i s e  so  t h a t  QA i s  d iagonal .  
Then t h e  i n i t i a l .  measurements can be processed t o  o b t a i n  t h e  minimum va r i ance  
e s t ima te  Yo and t h e  i n i t i a l  covariance i s  given by 
where HA i s  eva lua ted  a t  Yo and is  t h e  e s t ima t ion  e r r o r  Y - Yo. 
The columns of  HA can be p a r t i t i o n e d  i n t o  two p a r t s  t h a t  con ta in  t h e  
g rad ien t s  of equat ions (49) with r e s p e c t  t o  X and Z ,  r e s p e c t i v e l y ,  and t h e s e  
can be f u r t h e r  p a r t i t i o n e d  according t o  t h e  ca tegory  of measurements 
-
The i n i t i a l  covariance of X ,  which was w r i t t e n  as PA and assumed g iven  
throughout t h e  e a r l i e r  t e x t ,  i s  the  appropr i a t e  submatrix from equat ion (50) ,  
and i s  r e a d i l y  g iven  as 
When a l l  t h e  i n i t i a l  measurements are func t ions  of X only,  then  
T - 1I n  t h i s  case,  it fo l lows  by us ing  equat ions  (40) t h a t  t h e  ma t r ix ,  XuPA xu, of 
equat ion (38c) i s  diagonal  and y i e l d s  t h e  c a l i b r a t i o n  accuracy l i m i t s :  
The summations i n  equat ion (53) are taken over t h e  appropr i a t e  ca tegory  of 
i n i t i a l  c a l i b r a t i o n s  and ( q i l  are t h e  MS measurement no i se  f o r  t h e s e  
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measurements. The meter s t i c k s  f o r  t h i s  case are given by eva lua t ing  
equat ion (44).  Thus, f o r  length ,  
-1 

and it can be v e r i f i e d  t h a t  
Z*(X) = LOX$ Zi(X) 
satisfies t h e  g r a d i e n t  equat ion,  wi th  Lo an a r b i t r a T y  l eng th  f a c t o r .  Any 
l eng th  propor t iona l  t o  t h e  weighted combination, (Zi /qi)Zi(X),  i s  es t imated  
i n i t i a l l y  t o  t h e  accuracy, pzz‘  Analogous r e s u l t s  are obtained f o r  m*(X) and -c*(X). 
The q u a n t i t i e s ,  pzz, vm, v T T ,  i n  equat ions (53) depend only on t h e  
accurac ies  of t h e  i n i t i a l  c a l i b r a t i o n s .  They are smaller i n  magnitude than  
t h e  MS e r r o r  r a t i o  of any s i n g l e  c a l i b r a t i o n  i f  more than one c a l i b r a t i o n  i s  
made. If  only one q u a n t i t y  i s  c a l i b r a t e d  i n i t i a l l y  f o r  a p a r t i c u l a r  u n i t ,  
then  i t  i s  the  unobservable meter s t i c k  f o r  t h a t  u n i t .  If more than  one i s  
c a l i b r a t e d ,  then none of  them i s  t h e  meter s t i c k ,  a l though t h e  most a c c u r a t e l y  
c a l i b r a t e d  one may dominate t h e  appropr i a t e  sum i n  equat ions (53) and be t h e  
approximate meter s t i c k  f o r  i t s  u n i t .  
I n  the  preceding s p e c i a l  case  a d i r e c t  r e l a t i o n  between c a l i b r a t i o n  
accuracy l i m i t s  and i n i t i a l  c a l i b r a t i o n s  i s  obta ined .  However, t h e  cond i t ion  
t h a t  t h e  i n i t i a l  measurements be func t ions  of X only i s  not  g e n e r a l l y  sat­
i s f i e d  and t h e  q u a n t i t i e s  a c t u a l l y  c a l i b r a t e d  may have l i t t l e  t o  do wi th  t h e  
v a r i a b l e s  of i n t e r e s t ,  X.  For example, i n  o r b i t  de te rmina t ion  problems t h e  
a c t u a l  d i s t a n c e  c a l i b r a t i o n s  a r e  bur ied  i n  t h e  mul t i t ude  of experiments from 
which the  va lue  of t h e  speed of l i g h t  i s  es t imated .  This  va lue  i s ,  i n  t u r n ,  
used i n  t h e  i n i t i a l  estimates of such th ings  as r a d a r  s t a t i o n  l o c a t i o n  and 
frequency, g r a v i t y  f i e l d  cons t an t s .  I n  such cases  a l l  t h e  i n i t i a l  measure­
ments can in f luence  t h e  accuracy l i m i t s ,  qz,-pm, v T T .  ‘These l i m i t s  are t h e  
diagonal  elements of K P i ’ X u ] - ’  which, f o r  t h e  genera l  case, can be w r i t t e n  
as 
where Xu are t h e  c a l i b r a t i o n  s ta tes  f o r  X (eq.  (38a) ) ,  and D i s  t h e  
diagonal-mat r ix  
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Also, I, and R are 
The mat r ix  R has  one column f o r  each u n i t  o t h e r  than  t i m e ;  H z l ,  HZm, 
H Z T  
are t h e  p a r t i t i o n s  o f  H, i n  equat ion (51); Q z ,  Qm, Q, a r e  the  corresponding 
p a r t i t i o n s  of t he  no i se  ma t r ix ,  and z, fi, 5 are  t h e  vec to r s  
The elements o f  t h e  mat r ix  on the  l e f t  i n  equat ion (54) appear i n  t h e  e a r l i e r  
r e s u l t s  (eqs.  (42), (44 ) )  as pzz, pm, vzm,  . . . . A l l  t h e  i n i t i a l  
measurements can appear i n  t h e s e  elements because of t h e  term, R T I i l R .  
F i n a l l y ,  i t  can be shown from equat ion (54) t h a t  t h e  c a l i b r a t i o n  accuracy 
l i m i t s  s a t i s f y  
and s i m i l a r l y  f o r  pmm, pT,. The equal s i g n  i s  removed whenever R has no 
t r i v i a l  column; t h a t  i s ,  whenever any i n i t i a l  c a l i b r a t i o n  has n o n t r i v i a l  
dependence on t h e  v a r i a b l e s  of Z .  
Appendix D con ta ins  a simple example t o  i l l u s t r a t e  t h e  use  of t he  above 
r e s u l t s .  
Clock Ca l ib ra t ion ,  t h e  Veloc i ty  Standard,  and 
Est imat ion of t he  Speed of  Light  
The time c a l i b r a t i o n  s t a t e  was ignored i n  t h e  e a r l i e r  d i scuss ion .  The 
i n t e r n a t i o n a l l y  def ined  second i s  based on t r a n s i t i o n s  between energy l e v e l s  
i n  Cesium-133 ( r e f .  1 4 ) .  I f  a cesium clock i s  used,  a l l  time measurements a r e  
c a l i b r a t i o n s  and an unobservable time does not  occur  i n  t h e  problem. 
Assume, then,  t h a t  a clock d i f f e r e n t  from a cesium clock i s  i n  use  and 
t h a t  when t h e  clock i n d i c a t e s  t h e  passage of one clock second, r seconds on a 
cesium clock (s tandard time) have a c t u a l l y  passed.  Also assume t h a t  
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? = 1 second and ? = 0 (56) 
I n  genera l  t h e  clock r a t e  w i l l  d r i f t  ( 2  # 0) bu t  i t  i s  assumed he re  t h a t  t h e  
d r i f t  is  n e g l i g i b l e  over t h e  time i n t e r v a l  of  t h e  observa t ions .  
The clock ra te ,  r ,  i s  analogous t o  t h e  length  o f  a meter s t i c k  i n  t h a t  a 
reading of t h e  clock t i m e ,  T ,  i s  a dimensionless  comparison 
tT = -
r ( 5 7 )  
of  t h e  s tandard  t i m e ,  t ,  wi th  t h e  c lock  r a t e ,  r ,  i n  t h e  same way t h a t  length  
measurements us ing  a meter s t i c k  of  length ,  Z*,  i s  a dimensionless  comparison 
of two lengths  
The s t a t e  equat ion 
dX 
-= F(X) (6a)d t  
governs the  evolu t ion  of t h e  s t a t e  as seen i n  s tandard  t ime.  A s  seen i n  
c lock time, t he  s t a t e  s a t i s f i e s  
dX-= r f ' ( ~ )dT 
the  s t a t e  can now be augmented with the  unknown clock r a t e  
The time cazibration s tate- A s  before ,  assume t h a t  t h e  t i m e  u n i t  i s  
sca led  a r b i t r a r i l y  
s e c  = A s e c '  
Then a l l  unknowns, as seen i n  t h e  new u n i t ,  a r e  sca led  accordingly 
v '  = X- 1  v f requencies  and v e l o c i t i e s  
r '  = A r  clock r a t e  






Y '  = ATY 
{Ji) = powers of t h e  time u n i t  i n  v a r i a b l e s  of Y 
A s  before ,  it i s  r e a d i l y  shown (not ing t h a t  t h e  independent v a r i a b l e ,  T, i s  
unaffected by t h e  scale change) t h a t  
Assume, a l s o ,  t h a t  a l l  measurements t o  be processed are time dimensionless ,  so 
t h a t  
mi(ATY) = mi(Y) i =. 1, 2 , .  . . 
Then, us ing  s ta tement  [12] ,  page 29, t h e  fol lowing s t a t e  
where 
X o ( t o )  = r e fe rence  i n i t i a l  s t a t e  
i s  an unobservable s t a t e  ( t h e  time c a l i b r a t i o n  s t a t e )  of  t h e  l i n e a r i z e d  
augmented system. 
f i e  Zinearized augmented s ta t e  equation- This  equat ion  can be r o u t i n e l y  




Here, F(Xo) i s  t h e  c o e f f i c i e n t  mat r ix  of t he  l i n e a r i z e d  equat ion i n  s tandard  
t i m e .  
An a l t e r n a t e  d e r i v a t i o n  can be made by de f in ing  t h e  s t a t e  dev ia t ion  
o r  
< ( T )  = X(T)  + Xo(T)T6r + . . . 
where X ( T )  i s  the  usua l  d e f i n i t i o n  of the  s t a t e  d e v i a t i o n  (X(T) - X o ( ~ ) ) ,  
which, t o  f i r s t  o rde r ,  i s  a s o l u t i o n  of 
-= F ( X O ( T ) ) ~dx 
dT 
Equation (60) i s  now r e a d i l y  reproduced by tak ing  t h e  T-der iva t ive  of 
equat ion (61) .  Thus, t he  augmented l i n e a r i z e d  equat ion desc r ibes  the  time 
h i s t o r y  of C(T) (eq.  (61)) and inc ludes  the  e f f e c t  of t h e  s e c u l a r l y  
inc reas ing  discrepancy between s tandard t ime and clock t ime. 
Linearized measurements- If a d a t a  type,  M(Y), i s  sampled t h e  l i n e a r i z e d  
d a t a  used i n  t h e  l i n e a r i z e d  e s t ima t ion  procedure can be r o u t i n e l y  expressed a s  
T 
6m = (VM) Yo(T)Y(T) + E 
o r  
6m = h(T) Ty ( t o )  + E 
where 
An a l t e r n a t e  d e r i v a t i o n  can be given as fo l lows .  Suppose a d a t a  type,  M(X), 
i s  sampled a t  t h e  c lock  t i m e ,  T .  The sampling obtained i s  then  
45 
m = M(X(t(T))) + E 
That i s ,  it i s  a (noisy)  sampling of M(X) on t h e  a c t u a l  s t a t e  a t  t h e  s tandard  
time corresponding t o  t h e  clock time, T .  The r e s i d u a l  o r  l i n e a r i z e d  sampling 
i s  then  computed by s u b t r a c t i n g  t-he va lue  of M(X) evaluated on t h e  r e fe rence  
s t a t e  a t  t h e  time t = T.  
6m = M(X(t(T))) - M ( X O ( T ) )  + E 
which, a f te r  expanding X ( t  (T ) )  and r e t a i n i n g  f i r s t - o r d e r  terms, i s  
where < ( T )  i s  the  s t a t e  dev ia t ion  def ined i n  (61) .  I t  i s  not  necessary t o  
inc lude  t h e  clock reading  as an a d d i t i o n a l  measurement i n  t h e  problem, s i n c e  
any random readjng e r r o r ,  E r ,  can be included with t h e  sampling e r r o r ,  E, i n  
t h e  amount, VMTXo (T )  E ~ .  
Velocity cal ibrat ion accuracy- If a l l  d a t a  types  a r e  dimensionless  i n  
d i s t a n c e  and time, an unobservable v e l o c i t y  e x i s t s  which se rves  as the  s t a n ­
dard a g a i n s t  which a l l  v e l o c i t i e s  i n  the  problem a r e  compared. I t s  i n i t i a l  
e s t ima t ion  accuracy i s  t h e  lower bound on t h e  accuracy t o  which any v e l o c i t y  
can be est imated from any sampling of t he  d a t a  types .  
This es t imat ion  accuracy l i m i t  i s  given as 
where 9 2 ’  %’ %T a r e  t h e  elements of t h e  mat r ix  
cl = JzYo d i s t a n c e  c a l i b r a t i o n  s ta te  
ET= JTYo t i m e  c a l i b r a t i o n  s t a t e  
i n i t i a l  covariance mat r ix  
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Equation (62) f o r  the  v e l o c i t y  accuracy l i m i t  is  obtained by applying 
equat ion (42c). I t  can a l s o  be shown t h a t  t h e  v e l o c i t y  s tandard  i n  t h e  
problem, v*, i s  p ropor t iona l  t o  Z * / t *  where Z*, t *  are t h e  d i s t a n c e  and 
time meter s t i c k s  o f  t h e  problem. 
Speed o f  Zight estimation i n  space mission problems- Space probe 
t r a j e c t o r y  e s t ima t ion  problems have been t r e a t e d  as experiments t o  estimate a 
number of fundamental parameters  of t h e  s o l a r  system. One expec ts  t h a t  a 
necessary condi t ion  for s i g n i f i c a n t  improvements i n  t h e  estimates of  such 
parameters i s  t h a t  t h e i r  i n i t i a l  e s t ima t ion  accurac ies  b\e s i g n i f i c a n t l y  poorer  
than  t h e  appropr i a t e  c a l i b r a t i o n  accu rac i e s  i n  t h e  experiment.  
For example, cons ider  t h e  p o s s i b i l i t y  of improving t h e  estimate of t h e  
speed of l i g h t  i n  a space probe t r a j e c t o r y  e s t ima t ion  problem us ing  r a d a r  
measurements. The independent unknown q u a n t i t i e s  r equ i r ed  t o  d e f i n e  t h e  d a t a  
types can be l i s t e d ,  i n  genera l ,  as 
Speed of l i g h t  
Clock r a t e  
Vehicle  s t a t e  
Radar s t a t i o n  loca t ions  and f requencies  
Ear th  r o t a t i o n  r a t e  and g r a v i t y  f i e l d  parameters 
Y =  




The i n i t i a l  measurements i nc lude  an experiment t o  estimate t h e  speed of l i g h t  
m l  = d = ca t  
m2 = A t  
This  experiment c o n s i s t s  of  measuring a d i s t a n c e ,  d ,  and t h e  time, A t ,  
r equ i r ed  f o r  l i g h t  t o  t r a v e l  t h i s  d i s t a n c e .  Both measurements are c a l i b r a ­
t i o n s  and t h e  experiment ( m l ,  m 2 )  i s  equ iva len t  t o  a l a r g e  number o f  similar 
experiments from which t h e  c u r r e n t  estimate of t h e  speed of  l i g h t  i s  obta ined .  
The i n i t i a l  e s t ima t ion  accuracy f o r  t h e  speed of l i g h t  i s  then 
where q p  q,, a r e  no i se  va r i ances  of t h e  two c a l i b r a t i o n s .  Curren t ly ,  t h e  
speed of l i g h t  i s  est imated t o  one p a r t  i n  300,000 o r  = 0 . 3 ~ 1 0 - ~ .  
A l l  remaining i n i t i a l  measurements are assumed t o  be func t ions  of Y 
and t h e s e  may inc lude  a d d i t i o n a l  d i s t a n c e  and t i m e  c a l i b r a t i o n s  
Ziz(Y) iz = 1, . . ., NZ 
ti,(Y) i, = 1, . . ., N, 
The complete set  of i n i t i a l  measurements depends on A t  as wel l  as the  
v a r i a b l e s  of Y .  I n  t h a t  case ,  t emporar i ly  augment t h e  s t a t e  t o  
and then  t h e  i n i t i a l  covariance of Y '  i s  given as 
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I t  i s  assumed t h a t  t h e  rank of HA i s  equal t o  t h e  number of  v a r i a b l e s  i n  Y ' .  
The v a r i a b l e ,  A t ,  i s  i r r e l e v a n t  t o  t h e  e s t ima t ion  problem s i n c e  t h e  d a t a  
types  are independent of  it ( they  are func t ions  of Y). Nei ther  i s  it of  
i n t e r e s t  t o  e s t ima te  A t  v i a  t h e  c o r r e l a t i o n s  of  i t s  i n i t i a l  es t imat ion  e r r o r  
with those  of t h e  remaining unknowns. In  t h a t  case ,  A t ,  can be removed from 
t h e  e s t ima t ion  equat ions  as descr ibed  ear l ie r  and, i n  p a r t i c u l a r ,  equa­
t i o n  (54) i s  appl ied  t o  o b t a i n  t h e  c a l i b r a t i o n  accu rac i e s  of  t h e  reduced 
problem. The r e s u l t  f o r  t h e  v e l o c i t y  accuracy l i m i t  i s  ( lengthy a lgebra  i s  
omit ted here)  
where 
The summations i n  crv are taken,  r e s p e c t i v e l y ,  over  a l l  i n i t i a l  l ength  and 
t ime c a l i b r a t i o n s  except  those  i n  t h e  speed of  l i g h t  experiment {ml, m 2 1 .  I t  
i s  apparent  from t h e  r e s u l t  t h a t  
1. If t h e  speed of  l i g h t  experiment had no t  occurred then  t h e  v e l o c i t y  
accuracy l i m i t  would be crv. Conversely, i f  no c a l i b r a t i o n s  o the r  than  
{ml, m 2 1  had occurred,  then  t h e  v e l o c i t y  accuracy l i m i t  would be qc and the  
speed of  l i g h t  would be the  unobservable v e l o c i t y  s t anda rd .  
2 .  In  genera l ,  qv < qc and it i s  t h e o r e t i c a l l y  p o s s i b l e  t o  improve the  
accuracy of t h e  speed of l i g h t  e s t ima te  t o  qv by sampling nonca l ib ra t ion  
d a t a  types of t h e  form m(Y) . 
3 .  A necessary cond i t ion  f o r  s i g n i f i c a n t  improvement i n  t h e  speed of  
l i g h t  e s t ima te  by sampling nonca l ib ra t ion  d a t a  types ,  m(Y), i s ,  roughly,  t h a t  
t h a t  i s ,  t h a t  t h e  v e l o c i t y  c a l i b r a t i o n  accuracy due t o  t h e  remaining 
c a l i b r a t i o n s ,  {Zi}, { t i }  be a t  least  as good as t h e  accuracy of t h e  i n i t i a l  
speed of l i g h t  e s t ima te ,  qc. 




so that negligible improvement can be expected and the speed of light is very





An elementary view of estimation is taken here to analyze the naturally

occurring calibration limit on the obtainable estimation accuracy. Estima­

tion, in general, is a comparison of some set of unknown quantities with the 

internationally defined unit quantities: the second, meter, kilogram, and 

degree Celsius. A direct comparison of some quantities in the problem with 

the unit quantities (calibrations) must occur at some point in the estimation 

procedure. In most cases this is done initially and subsequent measurements 

are comparisons among unknown quantities. In that case, the accuracy to 

which the unknowns can be estimated in terms of the international units is 

limited by the accuracy of the initial calibrations. For example, the accu­

racy with which a length can be estimated by comparing it to a meter stick is 

limited by the accuracy with which the meter stick was calibrated initially. 

Estimation problems are generally analogous to the above simple example 
even though several data types o r  measuring devices, many initial calibra­
tions, and other physical units besides the unit of length may appear in the 
problem. If the data types are not calibrations, then an independent 
unobservable state is readily given, one for each physical unit in the problem 
(statements [12] and [13] and eq. (59)). These states define an intermediate 
standard of comparison, or meter stick (eq. (44)), and a calibration accuracy 
(eq. (42)) for each physical unit (time, distance, mass, and temperature)
having the best initial estimation accuracy in the problem. The procedure of 
estimating the unknowns by sampling noncalibration data types is, at most, one 
of comparing all times, lengths, masses, and temperatures in the problem to 
these meter sticks. 
The initial covariance and the calibration accuracies can be given in 

terms of the initial measurements (eqs. (49) to (52)). In the simplest case, 

the accuracy limits depend only on the initial calibration measurements 

(eq. (53)) but, in general, these limits can depend on all initial measure­

ments (eq. (54)). An example is given in the discussion of the velocity 

accuracy limit in space probe trajectory estimation (eq. (63)). 

Unobservable calibration states are theoretically present whenever the 

measurements are not calibrations, but these states are often eliminated in 

practice by treating some quantities, which have been estimated very accu­

rately initially as exactly known quantities. For the theory of this report, 

the values of all physical quantities in a problem are considered unknowns; 

that is, all are estimated initially but their true values are unknown and 

their estimation errors can affect the data. The state variables to be esti­

mated are then any set of independent unknowns which suffice to define all 

unknown quantities in the problem. In practice, variables which are very 

accurately estimated initially are often deleted from the state variables; 

that is, they are treated as having no estimation error. It is assumed that 

the inclusion of such variables in the estimation would have negligible effect 





procedure, the sufficient conditions for the existence of unobservable 

calibration states (statement [12]) are no longer satisfied by the problem; 

the required homogeneity properties of the state equation are eliminated and 

the data types can become calibrations or comparisons with exactly known 

quantities. The resulting removal of the lower bounds on estimation accuracy 

causes no difficulty in practice provided reported accuracies do not approach

the actual calibration accuracy limit. It is, of course, not possible to 

exceed this limit without performing new calibrations. The size of the cali­

bration accuracy limit is given from the initial covariance (eq. (42)) and can 





Generally, a necessary condition for significant improvement in the 

estimate of any parameter is that its initial estimation accuracy be signifi­

cantly poorer than the appropriate calibration accuracy limit. At best, the 

parameter can be estimated to nearly the calibration accuracy limit by indef­

inite sampling of the data types. However, the existence of unobservable 

states in addition to the calibration states can impose further limits on the 

accuracy to which a parameter can be estimated. 

Mathematically, estimation is a matter of processing noisy measurements 

to obtain the best estimate of the unknown quantities on which the measure­

ments depend. The elements which appear in the processing equation for linear 

estimation (eqs. (5)) are the prior estimate and covariance and the measure­

ments (costates, MS noise, and data). The processing results in a new esti­

mate of the state and its covariance of estimation errors. This report

describes some results from a study of the relations between the elements of 

the processing equation and the resulting estimate and performance. 

In the first section, the processing of arbitrary sequences of measure­

ments is examined using the notion of equivalent sequences and data. This 

notion provides a basis for carrying out a number of operations in the pro­

cessing of measurements. A sequence can be compressed to an equiv-alent 

sequence containing a minimum number of measurements. The uncorrelated equiv­

alent basis sequence and its associated eigenvalues give the performance of 

the sequence in reducing the estimation errors from their values prior to 

processing. Further, equivalent sequences can be used to selectively reduce 

the information to be processed so as to estimate only some of the state vari­





In many estimation problems, the measurements are obtained by sampling 

one or more data types at an arbitrary sequence of times. The characteristics 

of the data types are then constraints on any such sampling. One character­

istic is observability, the sufficiency of the data types for the determina­

tion of the state variables. If the data types are insufficient, then a 





reduced set of new variables which are linear combinations of the original 
variables and which can be determined from some sampling of the data type. 
This transformation also separates the estimation calculations into trivial 
and nontrivial parts, the latter being a lower order set of equations for 
estimating the reduced set of observable unknowns. 
A theory of calibration accuracy limits in estimation problems is 

obtained by applying observability analysis and recognizing the physical 

nature of estimation. Estimation is intended to compare a physical system 

with the internationally defined physical units and this is done by taking 

measurements which, in general, are comparisons of like physical phenomena.

If the measurements are not calibrations (not direct comparisons with the unit 

physical phenomena), then the estimation procedure is shown to be one of com­

paring the system to a set of intermediate standards of time, length, mass, or 

temperature. These intermediate standards are unobservable and their initial 

estimation accuracies (calibration accuracies) limit the accuracy to which any 

time, length, mass, or temperature in the problem can be estimated without 

performing new calibrations. Further, to obtain significant improvement in 

the estimate of any unknown, it is necessary that its initial estimation accu­

racy be significantly poorer than the appropriate calibration accuracy. The 

existence of independent unobservable parameters in addition to the 

intermediate standards will further limit the obtainable estimation accuracy. 

In principle the state is either observable to the data types o r  the 
estimation problem can be reduced to a lower order problem in which a reduced 
number of variables are observable. Computations to determine the observable 
parameter space and carry out the reduction are based on the information 
integral (eq. (19)). An application of this method is found in reference 12. 
The necessary computations are difficult, especially in large-order problems.
Alternative methods based on derivatives of the data type (ref. 13) are avail­
able but not yet explored. The structure of relations between data and per­
formance in the case that all states are observable remains unclarified. In 
many orbit determination problems using radar data it is recognized that one 
o r  more parameters may be observable but computationally difficult to estimate 
(e.g., refs. 4, 5, 12) because the data type provides little information on 
these parameters compared to others. Computationally, such cases can be 
treated with special procedures (e.g., refs. 5, 12). 
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COMPUTATION OF AN EQUIVALENT BASIS SEQUENCE 
Given an information mat r ix  
ob ta in  an equiva len t  b a s i s ;  t h a t  i s ,  a mat r ix ,  of maximal rank such t h a t  
This  problem i s  i d e n t i c a l  t o  t h e  computation of a square r o o t  mat r ix  of 
maximal rank f o r  any symmetric p o s i t i v e  semide f in i t e  mat r ix .  The method 
reviewed he re  i s  a l s o  descr ibed  i n  r e fe rence  10. 
COMPUTATIONAL METHOD 
Let B be any n x n symmetric p o s i t i v e  semide f in i t e  mat r ix  and l e t  
{Gk} be t h e  columns of any nonsingular  n x n mat r ix .  Define t h e  mat r ices  
{BkI as 
m 
-T -i f  vkBkvk = 0 
and d e f i n e  t h e  vec to r s  { c k )  a s  
-Ti f  vkBk;k = 0 
The mat r ix  whose columns are t h e  n o n t r i v i a l  vec to r s  among {ck,  k = 1, . . . , n )  
i s  a square r o o t  of  B having maximal rank.  
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This r e s u l t  is  proved i n  t h e  fol lowing series o f  s ta tements .  
[l] The matrices B1, B,, . . . are  a l l  symmetric p o s i t i v e  semide f in i t e .  
This fo l lows  from induct ion  s i n c e  t h e  s ta tement  i s  t rue  f o r  B1 and if it i s  
assumed t r u e  f o r  Bk it fo l lows  t h a t  it i s  t r u e  f o r  B k + l .  
[2] The mat r ix  B n + l  i s  zero,  
The n u l l  space of Bk+l inc ludes  (a) t h e  v e c t o r ,  3k and (b) t h e  n u l l  space 
of Bk. This  can be v e r i f i e d  from t h e  d e f i n i t i o n  (Al) above; i t  fol lows 
immediately t h a t  Bk+l;k = 0 and t h a t  if c is  any v e c t o r  f o r  which BkV= 0 
then a l s o  Bk+lc  = 0. Therefore ,  t h e  n u l l  space of Bk+l inc ludes  the  vec­
t o r s  VI, V2, . . ., Sk and, i n  p a r t i c u l a r ,  t h e  n u l l  space of Bn+1 inc ludes  
a l l  n independent vec to r s ,  {vk) ,  and i s  zero.  
[3] Let C be t h e  mat r ix  whose columns are t h e  n o n t r i v i a l  vec to r s  among 
{ck ,  k = 1, . . ., n l .  C is a square root  matr ix  of B 
B = CCT (A31 
Employing s ta tement  [2 ]  and t h e  d e f i n i t i o n  of  Bk, Ek, and C ob ta in  
[4] The n o n t r i v i a l  vec to r s  among Icky k = 1, . . ., n )  a r e  independent 
and C has maximal rank.  
To prove t h i s ,  show t h a t  t h e r e  i s  no n o n t r i v i a l  l i n e a r  combination of t h e  
n o n t r i v i a l  { c k }  which i s  zero.  Let 
-
be any l i n e a r  combination which i s  zero and cons ider  t h e  do t  product of V I ,
with t h i s  sum o f  vec to r s  





But, as poin ted  ou t  i n  s ta tement  [ 2 ] ,  t h e  vec to r  71 i s  i n  t h e  n u l l  space of 
a l l  {Bk, k > 2)  and a l l  Bk are symmetric p o s i t i v e  semide f in i t e  so  t h a t  
-T
vlBk = 0 , k 2 2 
and equat ion (AS) becomes 
-T-
S I V I C l  = o 
Thus, i f  51 i s  n o n t r i v i a l ,  then  si i s  zero and equat ion (A4) becomes 
These s t e p s  a r e  repea ted  f o r  7 2 ,  forming t h e  do t  product  of 7,  with 
equat ion (A7) and obta in ing  s2-= 0 i f  E2 i s  n o n t r i v i a l .  When repea ted  i n  
succession f o r  V3, 7 4 ,  . . ., Vn, t h e  { s j l  a r e  zero f o r  a l l  n o n t r i v i a l  E j .  
Consequently, t h e r e  i s  no n o n t r i v i a l  l i n e a r  combination of t h e  n o n t r i v i a l  
{ck} which i s  zero.  These vec to r s  a r e ,  t h e r e f o r e ,  independent and t h e  m a t r i x  
C has maximal rank .  
In  summary, t h e  mat r ix  C whose columns are  t h e  n o n t r i v i a l  { E k )  i s  an 
equiva len t  b a s i s  of any sequence whose information mat r ix  i s  B .  
CHOICE OF THE VECTORS {Gk} 
The vec to r s  {vk} can be any n independent v e c t o r s .  The columns of  t h e  
u n i t  mat r ix  a r e  u t i l i z e d  i n  r e fe rence  10 and t h i s  choice p l aces  t h e  r e s u l t i n g  
square r o o t  i n  lower t r i a n g u l a r  form. 
A l t e r n a t i v e l y ,  t h e  {;k) can be s e l e c t e d  t o  remove beforehand those  which 
y i e l d  t r i v i a l  vec to r s  i n  equat ion (A2). This  can be done by obta in ing  a 
p a r t i t i o n e d  mat r ix  
I 
v = [vu I vm]  
i n  which t h e  columns of  Vu are any b a s i s  of t h e  s o l u t i o n  space of 
B; = 0 
I 

and t h e  columns of Vm are any completion t o  a se t  o f  n independent vec to r s ,  
f o r  example, a b a s i s  of t h e  s o l u t i o n  space of  
T­vuv = o 
I t  i s  r e a d i l y  seen t h a t  t h e  number of columns of V, i s  t h e  rank of  B ,  and 
t h a t  a l l  columns of  Vu g ive  t r i v i a l  vec to r s ,  r k ,  when processed i n  equa­
t i o n s  (Al) and (A2). I n  t h a t  case ,  only t h e  columns of  Vm need be processed 
t o  ob ta in  t h e  square r o o t  o f  
equat ion (A2). 
B and these  a l l  y i e l d  n o n t r i v i a l  vec to r s  i n  
I n s e n s i t i v i t y  t o  computational e r r o r  i s  an important f a c t o r  i n  t h e  choice 
o f  computational procedure f o r  t h i s  problem, bu t  t h i s  ques t ion  i s  no t  









L e t  (H, Q) be a measurement sequence and % t h e  column space of  H .  
Let SCA be any a r b i t r a r y  subspace of X and 
Then an equiva len t  b a s i s  sequence of (H,  Q) e x i s t s  which has k elements t h a t  
a r e  a b a s i s  of XA n 3&. 
The equiva len t  bases  of (H, Q) a r e  a l l  t h e  square r o o t s  of  maximal rank 
of i t s  information mat r ix .  A l l  such square r o o t s  a r e  bases  of t h e  same space,  
K,,,. The s ta tement  t o  be proved a s s e r t s  t h a t  f o r  any s p e c i f i e d  subspace of 
q,a square r o o t  can be found, p a r t  of which i s  a b a s i s  of t h e  s p e c i f i e d  sub-
space.  Such a separa ted  equiva len t  b a s i s  i s  not  unique f o r  t h e  s p e c i f i e d  
subspace, bu t  it sepa ra t e s  t h e  information mat r ix  uniquely.  
=XAm 
The ske tch  v i s u a l i z e s  t h e  lemma. 
Here, X i s  t h e  whole c o s t a t e  space and 
inc ludes  both XA and ;Icm. A p a r t i ­
t ioned  equiva len t  primary b a s i s  
i s  t o  be found f o r  which HAM i s  a 
b a s i s  of XA n Xm and HR r e f e r s  t o  t h e  
remaining columns which are a b a s i s  of 
some subspace of Xm ou t s ide  XA. 
PROOF 
The fol lowing proof o u t l i n e s  t h e  requi red  computational procedure.  
1. L e t  HA, Hm be, r e s p e c t i v e l y ,  any b a s i s  of  XA and an equiva len t  
primary b a s i s  of  (H, Q ) .  The f i rs t  i s  assumed given as t h e  d e f i n i t i o n  of XA 
and t h e  second i s  computed by procedures a l r eady  given and always e x i s t s .  
Assume, a l s o ,  t h a t  Hm has r columns. 
2 .  Compute any b a s i s ,  Hm,, of  t h e  subspace X m.  The i n t e r s e c t i o n ,  




computed as fo l lows .  Let [HA I HB] be any completed b a s i s  of  t h e  whole space,
X, which conta ins  HA, and express  Hm i n  terms of  t h i s  b a s i s  
where the  c o e f f i c i e n t  mat r ix ,  i n v e r t i n g  (Bl ) .  Then 
d e f i n e  
D1 E any b a s i s  of  (d:  Bd  = 0 )  
and then  
Every column o f  HAM, i s  s imultaneously i n  3cA and G;every column i s  
independent,  and every v e c t o r  which i s  both i n  XA and XM can be given i n  
terms of HAM
1
. Consequently, HAM, i s  a b a s i s  of  3cm. 
3 .  Next, d e f i n e  the  p a r t i t i o n e d  or thogonal  r x r matr ix  
[D SI 
where D i s  obtained as t h e  Gram-Schmidt o r thogona l i za t ion  of t h e  columns of 
D1,  and S is  any orthonormal b a s i s  of (5: DTS. = 0 ) .  Then d e f i n e  
* Hm = Hm[D SJ (B4) 
Since [D 1 SJ  i s  orthogonal then 
H, 
and the  submatrix 
Hm E HmD 
i s  a b a s i s  of Xm,while  
HR HmS 
i s  such t h a t  JCR n XA = 0. Consequently, 
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= [HAM i HR] 
is the required partitioned equivalent basis of (H, Q). The corresponding 
equivalent data for the fictitious measurements defined by the columns of (B7)
is given from equation (12) of the text. 
DISCUSSION 

1. The separation procedure is trivial in the case of sequential
processing of single measurements. A single measurement is either in or 
outside of 3C', so that one part of the separated basis is the measurement 

itself and the other part is null. 

2. Given the sequence, (H, Q), and the subspace, KA, the information 
matrix is uniquely separated by the above procedure 
The corresponding parts of any two partitioned equivalent bases are also 

equivalent since they are constructed to span the same subspaces (statement [6] 

of the text). 

3 .  The separation states that the equivalent basis can be selected so 
that some of its measurements are in any specified subspace and the remainder 
are outside that subspace. This permits selective processing of information. 
The available information is fixed by the actual sequence of measurements but 

this information can be reduced by deleting or delaying the processing of any 

measurement(s) from the actual sequence or from any equivalent sequence.

Finally, the separation permits removal of measurements within or outside any 

selected subspace by deleting from processing either of the terms in ( B 8 ) .  
4. The influence of each of the separated terms in ( B 8 )  on performance
(reduction of MS estimation errors from their prior values) is considered 
next. Suppose JCA is some given subspace of 3C and let XB be its 
uncorrelated complement space 
Po being the prior covariance. If only the term, H m ,  is processed then 
there will be nontrivial reduction of MS errors for every parameter whose 
costate is not in the uncorrelated complement space of JCAM. This includes J�mf and may or may not include all of XA. There is no error reduction for 




If only  t h e  measurements HR a r e  processed,  then  t h e r e  i s  n o n t r i v i a l  
e r r o r  r educ t ion  f o r  some parameters with c o s t a t e s  i n  XB s i n c e  every column 
of HR is  o u t s i d e  X A .  In  add i t ion ,  t h e r e  i s  n o n t r i v i a l  e r r o r  r educ t ion  f o r  
some parameters wi th  c o s t a t e s  i n  XA except  i n  t h e  s p e c i a l  case t h a t  every 
column of  HR i s  i n  XB. Thus, t h e  capac i ty  of t h e  o r i g i n a l  sequence t o  
reduce e r r o r s  i n  XA i s  not  gene ra l ly  i s o l a t e d  i n  t h e  ex t r ac t ed  measurements, 
HAM. 
As noted above, i f  only t h e  ex t r ac t ed  measurements, HAM, are processed 
then  t h e r e  i s  no e r r o r  reduct ion  f o r  parameters  wi th  c o s t a t e s  i n  XB. Fur ther ,  
t h e  p o s t e r i o r  e s t ima t ion  e r r o r s  f o r  parameters  with c o s t a t e s  i n  X A  are 
mutual ly  uncorre la ted  with those i n  XB s o  t h a t  t h e  complement space o f  X A  
i s  the  same s e t  o f  parameter c o s t a t e s  f o r  both t h e  p r i o r  and p o s t e r i o r  
covariances .  Consequently, t h e  complement space of X A  remains f i x e d  i f  a 
succession o f  measurement sequences a r e  t r e a t e d  i n  t h e  same way. I t  i s  
p o s s i b l e ,  t h e r e f o r e ,  t o  prevent  e r r o r  r educ t ion  on any given subspace,  XB, by 
s e l e c t i v e l y  process ing  only information i n  i t s  complement space,  X A ,  and t h e  
complement space need be determined only once. 
SEPARATION OF ESTIMATION PROBLEMS INTO INDEPENDENT PARTS 
The es t imat ion  c a l c u l a t i o n s  can be forced  t o  sepa ra t e  i n t o  independent 
p a r t s  by s e l e c t i v e  removal o f  some information from each sequence t h a t  i s  
processed.  The d a t a  process ing  then  s e p a r a t e s  i n t o  two lower order  problems. 
Let PA be t h e  i n i t i a l  covariance (MS es t ima t ion  e r r o r s  of t h e  
r e fe rence  t r a j e c t o r y ) ,  l e t  KA be any given set  of parameters with b a s i s ,  HA, 
whence i t s  i n i t i a l  uncorre la ted  complement space i s  
The two subspaces,  XA, JCB form a complete decomposition of t h e  whole c o s t a t e  
space and w i l l  remain f i x e d  throughout t h e  d a t a  process ing .  
Suppose t h a t  t h e  fol lowing two-part s e p a r a t i o n  i s  made on every 
measurement sequence (H, Q) t o  be processed 
where [Hm i HR] i s  t h e  f irst  sepa ra t ion  of (H,  Q) i n t o  a b a s i s  of 3Cm and 
a remainder H R ;  and [HRB \ HA] i s  a sepa ra t ion  of HR i n t o  a b a s i s  of  
JCR 1 1  3CB with HA as the  remainder from t h i s  second sepa ra t ion .  I f  HA i s  
removed from every sequence t o  be processed then  XA i s  unobservable t o  t h e  
measurements HRB, and X B  i s  unobservable t o  Hm, so t h a t  t h e  es t imat ion  
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c a l c u l a t i o n s  can be decomposed i n t o  two lower order  problems a s soc ia t ed  with 
each of t h e  two subspaces.  Some formulas f o r  t h e  separa ted  problem are given 
next .  Algebra i s  l a r g e l y  s t r a igh t fo rward  and omit ted.  
Let I ~ A ,  HB be any bases  of KA, KB, r e s p e c t i v e l y ,  and d e f i n e  t h e  
corresponding subspaces of  t h e  s t a t e  space with bases  
XA = PAHA 
XB = PAHB 
Together t hese  form a t ransformat ion  of t h e  s t a t e  space 
The new v a r i a b l e s ,  w ,  a r e  t h e  components of t h e  s t a t e ,  x ,  i n  t he  b a s i s  
[XA 
I XB], and these  a r e  l i n e a r  combinations of  t h e  parameters of HA and H B ,  
s i n c e  
-
Transforming t h e  s t a t e  es t imat ion  e r r o r ,  x ,  i n t o  t h e  new v a r i a b l e s ,  G ,  o b t a i n  
t h e  i n i t i a l  covariance o f  G as 
The n o n t r i v i a l  p a r t s  of  Wo are t h e  i n i t i a l  covariances  of GA, wB, and a r e  
w r i t t e n  WOA, \iOB h e r e a f t e r .  
I f  one measurement sequence i s  separa ted  as i n  (B11) and only HAM, HRB 
a r e  processed then t h e  p o s t e r i o r  covariance of i j  i s  
where, f o r  convenience, t h e  n o t a t i o n  
TMA E XAHm = H;fpAHm 
MB = X g R B  = H	TP H 
B A RB 
has  been used. The e s t ima te ,  i, i s  given by 
Here, yA' 'B are  t h e  equiva len t  d a t a  vec to r s  corresponding t o  t h e  measure­
ments Hm, HRB,  r e s p e c t i v e l y ,  and which are assumed computed with t h e  separa­
t i o n  of (H,  Q) i n  accordance with equat ion (12) of t h e  t e x t .  If a d d i t i o n a l  
measurement sequences a r e  separa ted  as i n  (B11) and only H m ,  HRB a r e  
processed from each sequence, then t h e  process ing  equat ions remain separa ted ,  
being t h e  same as (B15) and (B17) except t o  r e p l a c e ,  WOA, W O ~  with the  p r i o r  
covariances  and t a  r e p l a c e  GAY 6, with t h e  changes i n  es t imates  
A n- h A -
WA - wA '  W B  - wB 
Thus, by removing HA from each sequence, t h e  c a l c u l a t i o n s  f o r  
es t imat ing  2 can be separa ted  i n t o  two independent lower order  problems f o r  
es t imat ing  ;A, wB.  The processing equat ions (B15) and (B17) a r e  e n t i r e l y  
analogous t o  the  o r i g i n a l  equat ions (5) i n  t h e  t e x t .  
F ina l ly ,  t he  e s t ima te ,  2, and covariance,  E f o r  t h e  o r i g i n a l  s t a t e  
v a r i a b l e s  are recovered a t  any s t e p  from 
P = XAWAXi $. XBWBXE I 
The sepa ra t ion  above i s  t r i v i a l  f o r  s equen t i a l  processing of s i n g l e  
measurements and i s  intended only f o r  t rea tment  o r  a n a l y s i s  of  one o r  more 
batches of measurements. The neglected measurements, HA, are gene ra l ly  non­
t r i v i a l  and provide n o n t r i v i a l  e r r o r  reduct ion  f o r  some parameters i n  both 
XA and XB,s i n c e  a l l  t h e  columns of HA a r e  n e i t h e r  i n  EA nor EB by con­
s t r u c t i o n .  Fur ther ,  t h e  information conten t  of  a l l  t he  neglected measurements 
w i l l  d i f f e r  depending on t h e  subdiv is ion  of t h e  t o t a l  se t  of measurements i n t o  
batches f o r  s epa ra t ion .  Although t h e  choice of subspace,  XA, can be made 
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a r b i t r a r i l y ,  t h e  importance of t h e  neglec ted  measurements, H i ,  t o  e r r o r  
r educ t ion  i n  5cA, XB i s  expected t o  depend on how w e l l  t h e  choice of  5cA 
corresponds t o  some n a t u r a l l y  occurr ing subdiv is ion  of t h e  problem i n t o  nea r ly  
independent p a r t s .  Such a n a t u r a l  subdiv is ion ,  when it e x i s t s ,  would be 
inhe ren t  i n  t h e  problem; t h a t  i s ,  i n  t h e  observed dynamic system and i n  t h e  
d a t a  types  employed f o r  measurements, bu t  t h i s  mat te r  i s  beyond t h e  p re sen t  




SUFFICIENT CONDITIONS FOR UNOBSERVABLE STATES 
The s u f f i c i e n t  condi t ions  and corresponding unobservable s ta tes  der ived  
here  are  t h e  b a s i s  o f  d i scuss ion  i n  t h e  t e x t  of t h e  p ropos i t i on  t h a t  i f  d a t a  
types  exclude c a l i b r a t i o n s ,  then t h e  phys ica l  s c a l e  of t h e  problem cannot be 
determined t o  b e t t e r  accuracy than i t  was known a p r i o r i ,  and t h i s  l i m i t s  t h e  
accuracy t o  which t h e  s t a t e  v a r i a b l e s  can be determined from t h e  d a t a  types .  
The s ta tement  t o  be proved here  i s  t h a t  unobservable s ta tes  e x i s t  i f  t h e  
s t a t e  equat ion and d a t a  types possess  c e r t a i n  homogeneity p r o p e r t i e s .  These 
p r o p e r t i e s  occur n a t u r a l l y  i n  many problems as fo l lows:  

have a r b i t r a r y  u n i t s ;  compa t ib i l i t y  r e q u i r e s  t h a t  t h e  components of  t h e  s t a t e  

t h e  s t a t e  v a r i a b l e s  
equat ion be homogeneous func t ions ,  t he  consequence of which i s  t h a t  a c l a s s  
of s o l u t i o n s  r e l a t e d  t o  t h e  r e fe rence  t r a j e c t o r y  can be given.  These so lu­
t i o n s  can be regarded e i t h e r  as d i s t i n c t  o r  as t h e  same s o l u t i o n  viewed with 
d i f f e r e n t  s c a l e s  f o r  t he  phys ica l  u n i t s  of l eng th ,  mass, and temperature .  If 
c a l i b r a t i o n s  a r e  excluded t h e  d a t a  types a r e  a l s o  homogeneous func t ions  which 
a r e  unchanged by any change i n  t h e  s c a l e  of  phys ica l  u n i t s .  Hence i d e n t i c a l  
d a t a  a r e  generated by any of  t he  t r a j e c t o r i e s  mentioned above. 
The homogeneity p r o p e r t i e s  given below s u f f i c e  f o r  t h e  ex i s t ence  of 
t r a j e c t o r i e s  which a r e  ind i s t ingu i shab le  t o  t h e  d a t a  types .  The corresponding 
r e s u l t  f o r  t h e  l i n e a r i z e d  problem i s  obtained by applying E u l e r ' s  theorem f o r  
homogeneous func t ions  t o  determine appropr i a t e  unobservable s t a t e s .  
HOMOGENEOUS FUNCTIONS 

In  the  fo l lowing ,  f(X) i s  any s c a l a r  func t ion  of t he  n x 1 s t a t e  vec tor  
def ined on an open s e t ,  S ,  i n  X .  Homogeneous func t ions  a r e  u s u a l l y  def ined  
as fol lows ( r e f .  15 ,  p .  134) .  
Defini t ion.  f(X) i s  homogeneous of degree p on S provided 
f(AX) = APf(X) (C1) 
f o r  a l l  x i n  S and a l l  r e a l  X such t h a t  A X  i s  i n  S .  
I t  i s  necessary t o  gene ra l i ze  t h i s  d e f i n i t i o n  i n  order  t o  s tudy homogeneity 
p r o p e r t i e s  r e l a t e d  t o  s c a l e  changes i n  phys i ca l  u n i t s .  
Definit ion.  f(X) i s  homogeneous of degree p f o r  t h e  i n t e g e r s  
{J1, . . ., J n I  provided 
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f(AX) = Xpf(X) 
where 
A 5 XJi 
f o r  a l l  X i n  S and a l l  real  X such t h a t  A X  i s  i n  S .  
The i n t e g e r s  i n  t h i s  d e f i n i t i o n  can be p o s i t i v e ,  nega t ive ,  o r  zero.  The 
d e f i n i t i o n  (C2) inc ludes  (Cl) as a s p e c i a l  case .  
INDISTINGUISHABLE TRAJECTORIES 
In  t h e  fol lowing,  {mi(X), i = 1, . . ., k )  are t h e  d a t a  types ,  and t h e  
s t a t e  equat ion i s  
X(t)  = F(X(t))  ( 6 )  
The d a t a  types and t h e  components of f a r e  a l l  assumed def ined  i n  an open 
se t ,  S,  i n  x and t o  have continuous p a r t i a l  d e r i v a t i v e s .  
Two s o l u t i o n s  of  t h e  s t a t e  equat ion {X,( t ) ,  X,(t), to G t G tF}  are 
indistinguishable provided they genera te  i d e n t i c a l  da t a ;  t h a t  i s ,  provided 
Ind i s t ingu i shab le  t r a j e c t o r i e s  can a r i s e  as fo l lows .  Let 
{Xo(t) ,  to G t G t F )  be any s o l u t i o n  of ( 6 ) .  
If t h e r e  e x i s t s  a s e t  o f  i n t e g e r s  (51, . . ., Jn) such t h a t  
(1) f(AX) = AF(X) 
(2) mi(AX) = mi(X); i = 1, . . ., k I 
(where I\ = r X J i  d),  f o r  a l l  X and S and a l l  real A such t h a t  AX 
i s  i n  S then 
$ ( t )  AXo(t) t o  t t F  (W 
is  a s o l u t i o n  of ( 6 )  f o r  any allowed X and a l l  such s o l u t i o n s  are 
ind i s t ingu i shab le .  
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The condi t ions  o f  (C4) r e q u i r e  t h e  components of t o  be homogeneous, 
r e s p e c t i v e l y ,  of degree J , ,  . . ., Jn and t h e  d a t a  types  t o  be homogeneous 
of degree zero,  a l l  f o r  t h e  same se t  o f  i n t e g e r s .  A s  d i scussed  i n  t h e  t e x t ,  
such i n t e g e r s  occur  n a t u r a l l y  i f  we l e t  {Ji) be t h e  i n t e g e r  powers t o  which 
any s i n g l e  phys i ca l  u n i t  ( e .g . ,  meter) o t h e r  than  t h e  u n i t  o f  time appears  i n  
t h e  s t a t e  v a r i a b l e s ,  and i f  t h e  d a t a  types  exclude c a l i b r a t i o n s .  
That (C5) d e f i n e s  s o l u t i o n s  of  t h e  s t a t e  equat ion fol lows from t h e  f irst  
cond i t ion  of (C4) 
ljJ(t) = Aio( t )  = Af'(Xo(t)) = F(AX0(t)) = Z(J,(t)) 
That t hese  s o l u t i o n s  a r e  i n d i s t i n g u i s h a b l e  fo l lows  from t h e  second condi t ion  
i n  (C4). 
The corresponding r e s u l t  f o r  t h e  l i n e a r i z e d  problem i s  obtained by 
applying E u l e r ' s  theorem f o r  homogeneous func t ions  t o  show t h a t  t h e  condi t ions  
i n  (C4) a r e  s u f f i c i e n t  t o  d e f i n e  unobservable s t a t e s ;  t h a t  i s ,  i n i t i a l  s ta tes ,  
E o ,  which d e f i n e  l i n e a r i z e d  t r a j e c t o r i e s  { @ ( t ,  to)<, ;  to G t G t F }  on which 
Tt h e  l i n e a r i z e d  d a t a  types ,  Vmi@(t, to)Eo are zero a t  a l l  t imes.  
EULER'S THEOREM 
For the  usua l  d e f i n i t i o n  of homogeneous func t ions ,  (Cl ) ,  E u l e r ' s  theorem 
s t a t e s  ( r e f .  15,  p .  1 3 4 ) :  
If f ( x )  i s  homogeneous of degree p and d i f f e r e n t i a b l e  a t  X ,  then 
Vf(x) Tx = pf(X) 
The proof i s  accomplished by tak ing  t h e  d e r i v a t i v e  of both s i d e s  of (Cl) with 
r e spec t  t o  X and eva lua t ing  a t  X = 1. The v a l i d i t y  of t hese  s t e p s  i s  
assured by t h e  d i f f e r e n t i a b i l i t y  of f ( x ) .  
Some d i f f i c u l t i e s  of bas i c  d e f i n i t i o n  must be overcome before  an 
appropr i a t e ly  modified Euler  theorem f o r  genera l ized  homogeneity can be given.  
The fundamental no t ions  of  a n a l y s i s  involved i n  (C6) - neighborhoods, open 
s e t s ,  c o n t i n u i t y ,  and d i f f e r e n t i a b i l i t y  ( r e f .  15) - a r e  o r d i n a r i l y  def ined on 
t h e  assumption t h a t  an abso lu te  va lue ,  1x1 i s  def ined  on X .  However, 1x1 is  
undefined he re  owing t o  t h e  a r b i t r a r y  u n i t s  permi t ted  t h e  s t a t e  v a r i a b l e s  i n  
t h i s  paper .  
To bypass these  d i f f i c u l t i e s  a norm I I X l l i s  now assumed def ined  on x and 
then  t h e  usua l  d e f i n i t i o n s  o f  a n a l y s i s  are genera l ized  by r ep lac ing  1x1 with 
IIXII  wherever necessary .  In  p a r t i c u l a r ,  t h e  appropr i a t e  g e n e r a l i z a t i o n  of  
d i f f e r e n t i a b i l i t y  i s  ( e . g . ,  r e f .  16,  p .  172):  
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A scalar function, f(X), is Frechet-differentiableat X provided that 

for every h in x there exists a function, df(X; h), such that 

lim ( f(x + h) - f(x) - df(x;h) 
II h II + 0 
If f(X) is Frechet-differentiable then (ref. 16) 
df(x;h) = f(x) Th 
and the usual chain rule applies. 

The norm, IIXII,can be any quadratic form 

IIXII = Jx'Trylx 
where M is, numerically, positive definite. Nothing is specified about M 
other than its existence, but it may be noted that if f(X) is continuous, 
differentiable, etc., for one such norm, the same is true for all such norms. 
For example, the matrix P i 1  was used in the text when the elements of x 
were interpreted as state estimation errors, i .  The introduction of IIXII is 
merely a convenience and nothing is actually added, topologically, to the 
context by its introduction. 

A modified Euler theorem can now be given: 

If f(X) is homogeneous of degree p for the integers {J i ,  . . ., Jn)
and Frechet-differentiableat X then 
Vf(X)TE = pf(X) 
where 

The proof is again obtained by taking the derivative of both sides of (C2)
with respect to A and evaluating at A = 1. The validity of these steps is 
assured by the assumed F r e c h e t - d i f f e r e n t i a b i l i t y  of f(X). 
SUFFICIENT CONDITIONS FOR UNOBSERVABLE STATES 

In the following {XA(t), to G t tF} is the reference trajectory, and 
{mi(X), i = 1, . . ., k )  and the components of F(X) are all assumed defined 
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with  continuous p a r t i a l s  on an  open se t  S i n  X .  Continuous p a r t i a l s  are 
s u f f i c i e n t  t o  i n s u r e  Frechet-differentiability. 
If t h e r e  is  a s e t  of i n t e g e r s  {Jl, . . ., J n }  f o r  which 
(1) ?(AX) = A?(X) 
(2) mi(AX) = mi(X) i = 1, . . ., k 
f o r  a l l  X i n  S and a l l  real  X such t h a t  AX i s  i n  S,  then  t h e  
s ta te  
i s  unobservable.  
To prove t h i s ,  l e t  f l ,  . . . )  f n  be t h e  components of  and observe t h a t  
t h e  f i r s t  condi t ion  i n  (C10) can be w r i t t e n  as 
Apply E u l e r ' s  theorem (C9) t o  these  components t o  o b t a i n  
For convenience, d e f i n e  
and eva lua te  (C12) on t h e  r e fe rence  t r a j e c t o r y ,  (XA(t), to G t G tF} 
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Thus, E( t )  satisfies the  l i n e a r i z e d  s t a t e  equat ion,  whence 
Next, apply E u l e r ' s  theorem t o  t h e  d a t a  types ,  which are homogeneous o f  degree 
zero f o r  t h e  i n t e g e r s  (51,  . . ., J n ) .  
Evaluat ing t h i s  on t h e  r e f e r e n c e  t r a j e c t o r y ,  o b t a i n  
This  r e s u l t  g ives  E(to) as an unobservable s ta te .  A s  u sua l  t h e  symbol h i ( t )  
r e f e r s  t o  @.T(t, to)Vmi(XA(t)). 
69 
APPENDIX D 
EXAMPLE - UNACCELERATED MOTION 
The d i s c u s s i o n  of o b s e r v a b i l i t y  is  i l l u s t r a t e d  i n  t h e  simple example of  
t h i s  s e c t i o n .  An unacce lera ted  p a r t i c l e  i s  under observa t ion  from an 
i n e r t i a l l y  f i x e d  r a d a r  s t a t i o n  measuring range.  Assume an i n e r t i a l  coord ina te  
frame wi th  o r i g i n  a t  t h e  s t a t i o n .  
An unacce lera ted  p a r t i c l e  moves i n  a s t r a i g h t  l i n e  wi th  cons tan t  v e l o c i t y  
so  t h a t  i t s  motion i s  given by 
i i ( t )  = Eo + "t) 
O = G t < w  
V(t)  = vo I 
- -
where Ro,  Vo are t h e  unknown i n i t i a l  p o s i t i o n  and v e l o c i t y  of  t h e  p a r t i c l e .  
The measurements a r e  samplings of  t he  phase s h i f t  between t ransmi t ted  and 
rece ived  s i g n a l s ,  which can be represented  as t h e  r a t i o  
where h i s  t h e  r ada r  wavelength. 
The s ta te  i s  a l i s t  of a l l  independent q u a n t i t i e s  requi red  t o  d e f i n e  (Dl) 
and (D2) 
and conta ins  seven independent v a r i a b l e s .  The o b j e c t  i s  t o  e s t ima te  t h e  
i n i t i a l  s t a t e ,  Xo ,  of  t h e  system. 
OBSERVABLE PARAMETER SPACE 
In  t h i s  problem t h e  genera l  s o l u t i o n  of t he  s t a t e  equat ion i s  a l ready  
known and l i n e a r ,  so t h e  d a t a  type can be given d i r e c t l y  i n  terms of t he  
unknown i n i t i a l  s ta te  
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The measurement c o s t a t e  i s  the  g rad ien t  of  m(t)  wi th  r e spec t  t o  t h e  v a r i a b l e s  
of xo 
1h ( t )  = 
i l h )  I / 
where R ,  Ro, Vo are magnitudes of t h e  vec to r s  l?, l?, and vo, and t h e  
s u p e r s c r i p t  (") i n d i c a t e s  q u a n t i t i e s  evaluted on t h e  r e fe rence  i n i t i a l  s t a t e ,  
go, which i s  assumed c a l c u l a t e d  from some i n i t i a l  s e t  of measurements. 
The observable  parameter space i s  t h e  space spanned by t h e  measurement 
c o s t a t e  during t h e  i n t e r v a l  of observa t ion  which i s  taken here  as 
If t h e  measurement c o s t a t e  i s  given a n a l y t i c a l l y ,  as i n  t h i s  example, then  a 
b a s i s  of X ,  can be obta ined  by expanding h ( t )  i n  t he  form 
t h a t  i s ,  i n  a l i n e a r  combination of f i x e d  v e c t o r s ,  h l ,  h2,  . . ., hk. Then 
{ h l ,  . . ., hk) i s  a b a s i s  of 3$, provided they  a r e  independent vec to r s  and 
provided a l ( t ) ,  . . ., a k ( t )  a r e  l i n e a r l y  independent t ime func t ions  over t h e  
i n t e r v a l  of observa t ion .  
The measurement c o s t a t e  f o r  t h i s  example (eq.  ( D 4 ) )  can be w r i t t e n  as a 
sum of  terms i n  powers of  t as 
The s u p e r s c r i p t  ( A )  i s  understood f o r  a l l  q u a n t i t i e s  i n  equat ion ( D 5 ) .  The 
c o e f f i c i e n t  t i m e  func t ions  Ro/R(t), tRoVo/AR(t) , and t2V$/AR(t) have been 
nondimensionalized. These func t ions  are l i n e a r l y  independent on every non­
t r i v i a l  t i m e  i n t e r v a l .  Fur ther ,  t h e  t h r e e  f i x e d  v e c t o r s  i n  ( D 5 )  are 




form a b a s i s  of  X, and 
dim(JC,) = 3 
I t  may be noted t h a t  h ( t )  spans the  same observable  space r ega rd le s s  of  t he  
i n t e r v a l  of observa t ion .  
In  view of (D7)  only t h r e e  independent parameters  ( func t ions  of Xo) 
desc r ib ing  the  motion of an unacce lera ted  v e h i c l e  can be est imated from 
measurements by an unacce lera ted  r a d a r  ranging s t a t i o n .  These parameters can 
be i d e n t i f i e d  by not ing  t h a t  t h e  columns of Hm a r e  t h e  g rad ien t s  of 
which, r e s p e c t i v e l y ,  a r e  the  i n i t i a l  d i s t a n c e  i n  wavelengths, t h e  do t  product  
of i n i t i a l  p o s i t i o n  and v e l o c i t y ,  and t h e  speed i n  wavelengths pe r  second. 
UNOBSERVABLE STATES 
The unobservable s ta te  space f o r  t h i s  problem i s  four-dimensional s i n c e  
These s t a t e s  are t h e  i n i t i a l  s t a t e s  t h a t  d e f i n e  t r a j e c t o r i e s  f o r  which t h e  
l i n e a r i z e d  output  i s  zero; t h a t  i s ,  they  are t h e  s o l u t i o n s  o f  
H:% = 0 
A b a s i s  of Xu i s  given by any fou r  independent s o l u t i o n s  of ( D 8 ) ,  wi th  Hm 
given i n  equat ion ( D 6 ) .  For example 
7 2  
6 A 
Here, i s  the  u n i t  vec to r  perpendicular  t o  t h e  p lane  of  Ro, vo. I t  can be 
v e r i f i e d  t h a t  t h e  columns o f  (D9) s a t i s f y  (D8) and a r e  independent.  The f irst  
column of (D9) i s  recognized as t h e  unobservable c a l i b r a t i o n  state,  which i s  
known t o  occur i n  t h e  p re sen t  problem s i n c e  t h e  d a t a  type  i s  not  a c a l i b r a ­
t i o n .  This s ta te  can a l s o  be given e a s i l y  by applying s ta tement  [13] of t h e  
t e x t .  
The unobservable s t a t e s  of t h e  l i n e a r i z e d  problem u s u a l l y  correspond t o  
ind i s t ingu i shab le  t r a j e c t o r i e s  of t h e  o r i g i n a l  nonl inear  problem. These are 
s o l u t i o n s  of t h e  s t a t e  equat ion f o r  which t h e  output  t i m e  h i s t o r y  i s  . i d e n t i c a l  
t o  t h a t  of t h e  r e fe rence  s o l u t i o n .  The c a l i b r a t i o n  s t a t e  corresponds t o  
uniform s c a l i n g  of a l l  d i s t a n c e s ,  inc luding  t h e  r a d a r  wavelength; t h a t  i s ,  
t h e  i n i t i a l  s t a t e s  X A ,  Xo gene ra t e  i d e n t i c a l  output  i f  
x; = a?, , a a r b i t r a r y  p o s i t i v e  
The remaining t h r e e  unobservable s t a t e s  i n  (D9) correspond t o  t r a j e c t o r i e s  
f o r  which t h e  s t a t i o n  wavelength and t h e  range t ime-h i s to ry  a r e ,  s e p a r a t e l y ,  
equal  t o  t h a t  of t h e  r e fe rence  t r a j e c t o r y .  This  occurs  when t h e  i n i t i a l  range, 
Ro, i n i t i a l  speed, V o ,  and t h e  angle ,  < ( R o ,  vo) ,  a r e  t h e  same as t h e i r  r e f e r ­
ence va lues .  Three a r b i t r a r y  choices  d e f i n e  t h i s  s e t  of i n d i s t i n g u i s h a b l e  
t r a j e c t o r i e s ,  two t o  l o c a t e  the  i n i t i a l  p o s i t i o n  vec to r  and one t o  l o c a t e  t h e  
v e l o c i t y  v e c t o r .  The l a s t  t h r e e  columns of ( D 9 )  r ep resen t  t h r e e  analogous 
independent choices  f o r  which the  l i n e a r i z e d  range t ime-h i s to ry  i s  i d e n t i c a l .  
INITIAL MEASUREMENTS AND CALIBRATION ACCURACY 
The a n a l y s i s  of c a l i b r a t i o n  accuracy i s  i l l u s t r a t e d  now. The d a t a  type 
of t h i s  example i s  not  a c a l i b r a t i o n  so t h a t  t h e  problem i s  c a l i b r a t e d  (com­
pared t o  t h e  meter) by some i n i t i a l  s e t  of measurements which are a l s o  assumed 
s u f f i c i e n t  t o  determine t h e  r e fe rence  t r a j e c t o r y  and i n i t i a l  covariance of t h e  
l i n e a r i z e d  e s t ima t ion  problem. 
An example s e t  of  i n i t i a l  measurements i s  given nex t .  This  s e t  i s  
intended t o  be simple r a t h e r  than  c l o s e l y  resemble what might occur i n  
p r a c t i c e .  I t  j u s t  s u f f i c e s  t o  uniquely determine a r e fe rence  t r a j e c t o r y  and 
con ta ins  j u s t  one c a l i b r a t i o n .  
The r ada r  wavelength i s  assumed determined from t h e  r e l a t i o n  
A = c/27Tf 
and from measurements of the radar frequency f, and a determination of the 
speed of  light by measuring a distance d, and the time At, it takes light to 
travel this distance. The first three measurements are then 

ml = d = 2rXf At 
m2 = At (Dlla) 
m3 = f 
The measurement, ml, is the only distance calibration to appear in the initial 
measurements. The calibrated distance, d, is given above-in terms of other 
unknowns by using equation (D10) and the relation c = d/At. In practice, the 
current value of the speed of light results from many experiments similar to 
{ml, m2). 

To complete the determination of the reference initial state, the radar 
is used to measure range and antenna pointing angles (right ascension and 
declination) at two times, t = 0 and t = tl. The clock is assumed started 
simultaneously with the first measurement. These measurements are 
m5 = sin-1  z/Ro 
m7 = tl (Dllb) 
-1
m8 = cos (x + ktl)/J(X + kt1)2 + (y + jrt1)2 
- 1  mg = sin (z + .itl)/]Ro + Votll 
m10 = IRo + Votll/X 
- -
Here, x, y, . . ., i are the Cartesian components of Ro, Vo. All these 
measurements are assumed made with independent gaussian error having zero 
mean and MS values, ql, . . ., q l 0 .  These measurements can be defined in 
terms of  10 independent unknowns 
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These a r e  p a r t i t i o n e d  above i n t o  t h e  s ta te  v a r i a b l e s ,  Xo, of t he  main problem 
and t h r e e  a d d i t i o n a l  v a r i a b l e s ,  Z ,  which a r e  r equ i r ed  t o  de f ine  a l l  t h e  
i n i t i a l  measurements bu t  a r e  i r r e l e v a n t  t o  t h e  main problem. 
The c o s t a t e s  of  t h e  a pr ior i  measurements ( t h e i r  g rad ien t s  with r e s p e c t  
t o  Y) a r e  given,  i n  o rde r ,  by t h e  columns of 
d/At 1 0 I
i 
'I 0 1 0  0 0 
I 
0 0 0 1  
HA = 
Here, t h e  3 x 3 submatrix,  Mo, i s  
RO +I 
where i s  the  u n i t  vec to r  perpendicular  t o  p lane  of Eo, vo, and Go i s~~ 
ko/R0. The mat r ix ,  MI, has t h e  same d e f i n i t i o n  except  t h a t  q u a n t i t i e s  are 
evalua. ted a t  t i m e ,  f l .  
I t  can be shown t h a t  HA i s  nonsingular  s o  t h a t  t h e  10 measurement?, 
ml(Y), . . ., mlO(Y), can be inve r t ed  t o  o b t a i n  a unique s o l u t i o n  f o r  Y i n  
terms of t h e  d a t a .  This  con ta ins  the  r e q u i r e d _ s o l u t i o n  f o r  Xo.  The i n i t i a l  
covariance,  PA, a s soc ia t ed  wi th  t h e  e s t ima te ,  Xo ,  i s  given by t h e  formula 
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where q u a n t i t i e s  are evaluated a t  9 and QA i s  t h e  diagonal  mat r ix  conta in ing  
9,Y * * * )  91,. The c a l i b r a t i o n  accuracy i s  then  given from 
where 
< O Z  
i s  t h e  c a l i b r a t i o n  s ta te  from equat ion  ( D 9 ) .  (A l t e rna t ive ly ,  l~ zz can be computed from eq. (54) . )  Omitting lengthy bu t  r o u t i n e  a lgeb ra ,  t h e  
c a l i b r a t i o n  accuracy i s  
91 + -q2 9 3-
9 7 ,  ;2 it2 + -;2 
I t  i s  recognized t h a t  'Jzz i s  the  accuracy wi th  which X can be est imated from the  measurements ( m l ,  m 2 ,  m 3 ) .  This accuracy i s  poorer  than t h a t  of t he  
a c t u a l  c a l i b r a t i o n ,  q1/a2.  
The equat ion f o r  t h e  g rad ien t  of t he  meter s t i c k  of t h e  problem i s  
This does not uniquely spec i fy  Z*(Xo)  , bu t  any length  func t ion  of Xo which 
has t h i s  g rad ien t  can be taken as t h e  meter s t i c k ;  f o r  example 
Z * ( X )  = X 
In  t h i s  example, t h e  meter s t i c k  has  a n a t u r a l  i n t e r p r e t a t i o n  as t h e  r a d a r  
wavelength. I f  t h e  speed of l i g h t  i s  determined from redundant experiments of 
the  same kind as (ml, m21 then  t h e  meter s t i c k  i s  aga in  X and t h e  c a l i b r a ­
t i o n  accuracy i s  aga in  the  accuracy with which X can be est imated from these  
i n i t i a l  experiments.  However, i f  t he  problem i s  a more r e a l i s t i c  one ( e . g . ,  
t h a t  of es t imat ing  p a r t i c l e  motion i n  a g r a v i t a t i o n a l  f i e l d  from an ea r th -
based r ada r  range s t a t i o n ) ,  then  t h e  meter s t i c k  w i l l  not gene ra l ly  be A nor 
have a simple phys ica l  i n t e r p r e t a t i o n .  
The es t imat ion  of  t h e  p a r t i c l e  t r a j e c t o r y  i n  t h i s  example i s ,  a t  b e s t ,  a 
process  of  comparing a l l  d i s t ances  t o  t he  r a d a r  wavelength, and the  accuracy 
t o  which any d i s t a n c e  can be est imated i s  l imi t ed  by the  accuracy with which 
the  wavelength i s  est imated i n i t i a l l y .  There are, however, unobservable 
s t a t e s  i n  a d d i t i o n  t o  t h e  c a l i b r a t i o n  s t a t e ,  s o  t h a t  a lower bound on 
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estimation accuracy, due to all the unobservable states, occurs and is poorer
than u 22 '  This lower bound can be determined by separating PA into two 
parts associated, respectively, with the observable and unobservable states. 

If desired, this separation can be carried out by the procedure described in 

the text (eq. (30)), and then a lower bound on the accuracy to which the state 
variables can be estimated from the range data is given by the diagonal
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